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The Hamiltonian dynamics of spherically symmetric massive thin shells in general relativity is studied. Two
different constraint dynamical systems representing this dynamics have been described recently; the relation
between these two systems is investigated. The symmetry groups of both systems are found. New variables are
used, which among other things simplify the complicated system a great deal. The systems are reduced to
presymplectic manifold$’; andI',, lest nonphysical aspects such as gauge fixing or embedding in extended
phase spaces complicate the line of reasoning. The following facts are shows.three andl’, is five
dimensional; the description of the shell dynamicslhyis incomplete so that some measurable properties of
the shell cannot be predictedl,; is locally equivalent to a subsystem &%, and the corresponding local
morphisms are not unique, due to the large symmetry grodp,ofSome consequences for the recent exten-
sions of quantum shell dynamics through the singularity are discugS@856-282(198)04518-4

PACS numbdis): 04.60.Ds, 04.20.Fy

I. INTRODUCTION tracting phase, the shell goes through a more or less probable
intermediate state of black and white hole and then the
The dominating physical problem of the theory of gravi- SPacetime wave packet expands again; the probability of the
tation is gravitational collapse and the inevitable singularity.hole stage depends on the energy of the shell.

That is the point where classical theory breaks down; one (2) This unitary regime exists for all values of energy but
expects that quantum theory will help. only if the total rest mass does not exceed the Planck mass;

The project of which the present paper is a part focuses Owhat happen_s with more massive shells remains unclea_r.
- o (3) There is no spacetime geometry that can be associated
simplified models of gravitating systems, whose quantumMyih any particular scattering process: the wave packets con-
mechanics can be constructed without much technical anghin |inear combinations of wave functions that describe
conceptual difficulty. We hope that such models can help uspacetimes with contracting shells and black holes as well as
to find quantization methods that are, in shdg) gauge spacetimes with expanding shells and a white holes.
(reparametrizationinvariant andb) liberated from semiclas- The method, however, has several weak points.
sical thinking. Indeed, the gauge invariance is an issue, be- (1) The way from a dynamical equation to a Hamiltonian
cause gauge fixation leads much more easily to gaugdrinciple is nonunique and it is un_clear how much the final
dependent results in quantum gravity than, say, in Yangduantum results depend on a particular guess. Some kind of
Mills field theory. This has to do with the so-called it Uniqueness has been shown in Ré&, but this is not yet
problem of time[1,2]. The term “semiclassical thinking” is COMPletely reassuring, as we shall also see in the present

used to express uneasiness about the extensions to the gra?fflper'

: : : Y (2) The great simplicity of the super-Hamiltonian is
dynamics of Fhe haive assumption that every d.yna‘fnlcs 'S @chieved by a very special choice of variables: they are the
theory of motion of some object in some spacetifcfe “co-

) o . . rdinat f the shell in th time at one si f th
variant quantization”[3], string theory[4], or “effective coordinates of the she e subspacetime at one side of the

hell. Thi b timgeft sub ti hich i d
field theory” [5]). As spacetime is itself dynamical in the e 's subspacetimieft subspacetime which is use

for a description of motion, lies on the opposite side of the

presence of gravitation, the only method complying with thégpe| from the subspacetime where the observers spend most

assumption seems to be an expansion around a classical $9- their time (right subspacetime The drawback is that
lution, and so it must be, it seems at least, a sort of WKBgome ohservable properties of the shell are not contained
approximation. _ o among (or calculable fron these variables. A controversy
Our pet model is the spherically symmetric thin shell of 5iseq" a5 to whether and where the observers will see the
dust in the general relativity. In Ref§6-9], a sufficiently oy anding shell. Undetermined are, for example, the scatter-
simple su_per—Ham|Ito_n|an for this system was guessed frqqhg time delays of the expanding packet with respect to the
the equations of motion, so that the model could be read”)(:ontracting oneusually given by the derivatives with re-

quantized. We shall call this method the it Warsaw pect to energy of the phase shifts of ®enatrix), which
approactt. This quantum theory leads to some unexpectedqiq in principle be measurable. The possibility was even
results. . . . discussed that the wave packet expanded into a different
(1) Existence of a unitary scattering theory. After & con-yjgnt syhspacetime than where it originally contracted so that
the scattering time delays made no sense.
(3) The method of self-adjoint extension of Hamiltonian
A systematic and general exposition of this meth@f. [9]) operator was applied in Reff6—8] to make the quantum
was first given at a Banach Center Workshop, Warsaw. evolution completgunitary). This method seemed to some
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physicists too formal and suspicious to cope satisfactorilypoundary. Scattering trajectories contracting from rigyift)
with the problem of the singularity. and expanding to rightleft) can both never lie within one
The present paper is an attempt to deal with all threeand the same patch. Where two patches overlap, the two
problems. The analysis will be based on R¢t€)] and[11]; corresponding maps differ by a symmetry transformation.
we shall refer to this approach as the Potsdam?mbe  The huge amount of symmetry in the Potsdam approach is
Potsdam Hamiltonian action for spherically symmetric masthe cause of the nonuniqueness of the map.
sive shells has been derived from first principles, so one can Let us dwell a little more on these results. The local
say something about the first problem. The Postdam dynanequivalence explains why the same radial equation results
ics of the shell is described by its coordinates in both subfrom both systems. What is, however, a possible physical
spacetimes left and right of the shell, and so it contains comsignificance of just the local but not global equivalence of
plete information about the motion. This enables us to sagonstraint dynamical systems remains unclear. One could
something about the second problem. Finally, we shall findmagine, for example, pasting together several copiek,of
that the method of self-adjoint extension is incomplete inandI'e using the local equivalence maps. The result, how-
certain respects, and so there is some information about tHVer, seems to be @ossibly non-Hausdorffpresymplectic
third problem too. There is, of course, a strong motivationManifold with no reasonable physical interpretatiginis is

for the Warsaw approach: this is the extremely simple formdiscussed at the end of Sec. V.C _ _
of its action. It is also conceivable that the global inequivalence of the

The plan of the paper is as follows. In Sec. II, we shal Systems is not important for quantum theory; the delicate

. ; points where the map can diverge lie all at the boundary
briefly collect the results of Ref$9] and[11] that will be between the scattering and the bound trajectories. One can

needed, so that the paper becomes self-contained. The sys: S R
. . speculate that this discontinuity is not relevant for the quan-
tematic use of the Kruskal coordinates and the more or Ieié

complete description of the symmetries that the systems a m mechanics, because the bound states become discrete
P P y y nyway. If we cut out this less dimensional boundary from

E:td’?rgrn;\/i\;ins‘lgf“rﬁgtflllérfa?i?;ledst(rjgc':l}]feI(:ﬁ:t tz?]tdg}ﬁesnegboth classical systems, we obtain systems that it are globally
equivalent. Further study on this point is necessary.

T e e o s o s 2T Suppose next that some form of wealkened equivalence
presymp ’ 9 ‘between the two systems makes sense. Then, given an

two constrained systems are equivalent if they define th%quivalence map, we can consider the Warsaw system as a

same presymplectic r_nan'ifo_lds. _This.n'otion Is CO".]plmelypart of the Potsdam one, and the missing information about
gauge(and reparametrizatigninvariant, it is moreover inde- .the position of the shell in right subspacetime can be pro-

pendent of the details of imbedding of the constraint MaNlyided. The Warsaw variables can be regarded as coordinates

fold in extended phase space, which is not physical and no&n a part of the Potsdam system. In fact, it turns out then that

3glsqclf.tilgngig'tﬂgsvgen;iggcf%rtrzi wﬁgsmg;(\j,\,th?ezortﬁ dgrﬂje Warsaw variables are coordinates of the shell in the left
P ) presymp %ubspacetime only according to their name; in reality, they

tic manifold .(F1’®1.) Is three d|rT_1en.S|one.1I and _the Potsdam play the role of coordinates in right subspacetime. Hence, the
presymplectic man'f°|dE2’®2.) is five d|men§|onal. As a . position of the shell in right subspacetime is well deter-
by-product of the_transformatlons made n th's. section, r.n"mined; paradoxically, it is the position of the shell in left
raculous new variables are found which considerably SIMsubspacetime that is uncertaee the discussion at the be-
plify the Potsdam action.

In Sec. IV, we pick up a three-dimensional subsystemglnnlng of Sec. V.

- Applying this point of view to the quantum mechanics of
(I'e,©g) from the Potsdam systeml’¢,®,) that has a Refs.[6] and [7], we can make some progress. The self-

chance to be equivalent to a particular Warsaw system. Coré'djoint extension of the Hamiltonian defines a unitary dy-

cretely, the Schwarzschild mass of the left SUbSpace'["nﬂamics in the Warsaw coordinates of a part of the Potsdam

must be fixed, and the corresponding cyclic coordinate must ;
! . s stem. It follows that each wave packet reemerges, durin
be excluded. Section V is devoted to the search of a mor, Y P 9 9

phism of presymplectic manifolds that would map,(©,) the expanding part of this unitary evolution, in the same right

0.) W il diff il ion f subspacetime in which it originally started to contract, be-
onto (e, Og). We set up a partial differential equation for .o ,cq the variables describing it all the time are coordinates
this map and solve it in suitable coordinates. A careful stud

) U0¥%n this subspacetime. This is discussed in more detail at the
of the results reveals thdl) the two presymplectic mani-

beginni f Sec. V.
folds are it locally but not it globally equivalent arid) the eginning of Sec

local val hi ¢ lect . On the other hand, the nonuniqueness of the equivalence
ocal equivaience mapsnorp ISmS 0 presymp'ecnc mani- map has an unpleasant consequence: although the self-
folds) are not unique. In more detail, the manifolls and

. adjoint extension of the dynamics seems to be unique, it is so
I'e can bg covered with open patches such that each one Qﬁ’]ly with respect to a particular choice of Warsaw variables.
I, is equivalent to one oii'g, but the map cannot be ex- pigterent equivalence maps lead to different choices of the
tended to the outside of the patch, because it diverges at the, iaples and these, in turn, to different dynamics of the
Potsdam system. This is explained at the beginning of Sec.

V. The difference is measurable because the resulting scat-

Referencd11] was written at the Albert Einstein Institute, Pots- tering time delays are different. This suggests that one either
dam. has to look for some additional principle that could, together
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with the self-adjoint extension, lead to a unique set of timeFor example, the dust equation of state-0 implies that
delays, or has to look for some interpretation of the nonuM(R)= const, and each value of the constant defines a par-
niguenesgsuch as, say, a loss of informatjoor to look for ticular solution.
another way of dealing with the singularity. Future research The spacetime around the shell already satisfies the Ein-
may clarify the point. stein equations; thus, the only nontrivial equation still to be
satisfied is the jump condition, the so-called Israel equation
[12]. It implies (for a derivation, see Ref9]) the following
two equations for the embedding functiohg(s) and R(s)

In this section, we briefly collect and round off some re- of the shell inM,, wheree is a sign,e==*1, ands is the
sults scattered in the literature making the paper selfproper time along the radial generators of the surface.
contained. (A) The radial equation

II. DESCRIPTION OF THE SHELL DYNAMICS

A. The shell spacetime R?*+V(R)=0, @
A spherically symmetric thin-shell spacetime solution of where

Einstein equations will be described in this subsection fol-

lowing closely Ref.[9]. Consider two Kruskal spacetimes M*R) E,+E_ (E,—E_)?

M, and M, with Schwarzschild massés, andE,. Let3; V(R):=— R2 R MAR +1

be a timelike hypersurface ivt; and,, be one inM,. Let (R)

21 ghwdes/\/ll_lnto two s,t_Jbspacetlmeévll+ and M, _ and (B) The time equation(valid for all future oriented shell

similarly %, divides M, into M,, and M,_; we chose motions

fixed time and space orientation in the two-dimensional

Kruskal spacetimes so that future and past as well as right i 1 M2(R)

and left are unambiguous. Let thewl,, and M, be right wa E.—E—e—g—/ ©)

with respect toM,_ and M, _ . LetX; and, be isometric; €

then the spacetime\;_ can be pasted together with the \yhere

spacetimeM,_ along the boundaries, and2.,. The result

is a shell spacetim@ 1. As everything is spherically sym- 2E,
metric, only the two-dimensional Kruskal spacetimes are rel- Fei=1- R
evant.

The observers are assumed to be in the asymptotic regiqg the Schwarzschild function. Herd. and R are the
of Mz, . Given a shell spacetime, we shall often leave outschwarzschild coordinates of the shell M. (they are of
the indices 1 and 2, having riglleft) energyE, (E-),  course singular at the four horizons of the two spacetimes
shell trajectory 3, and right (left) subspacetime M.).
My (M), Thus, M,=MNMs and M_ There are two types of solutions: bound and scattering.
=M;NMs. The scattering trajectories can be divided irgwpanding

The three-dimenkslional shell surfaﬁeca.rries the energy- (R>0) to the right and left, and itontracting(R<0) from
mhor]rc\entun; .t((janslo;i:' .dOf the shell. This will be assumed in the right and left(the usual notions of out and in going are
the form of ideal fiul not adequate to dynamics in the Kruskal spacetinvée

TH=(p+p)TT + py¥ stress that the four possibilities are unambigutee Ref.
' [9]): for each(scattering shell spacetime, only one of these

. . . is realized in it both subspacetim@d .. simultaneously.
wherep is the surface mass density,the negative surface

tension,T¥ a unite timelike vector fieldthe three-velocity of

the fluid) tangential toS, and vy, is the metric induced on B. Warsaw approach

the shell from the surrounding spacetime. lpst p(p) be In this subsection, we describe a short-cut approach

the equation of state. (cf., e.g., Refs[7] and[9]) to the shell dynamics. The first
The spherical symmetry and the energy-momentum constep of the approach is that only a subclass of the shell space-

servation lead to the matter equation times is selected from all spherically symmetric shell space-

times as described in the previous subsection, by fixing the
dp valueE, say, of the Schwarzschild maBs in their internal
Am-i-p-f- p(p)=0, subspacetimes. Then the spacetivf is a fixed complete
Kruskal spacetime and each shell spacetime defines a trajec-
. tory 3, in it. This trajectory satisfies Eq$l) and (3) with
where A is the surface of the sheld: =4mR?. We choose  ¢=—_1. In Ref.[9] proof is given that each such trajectory
one of the particular solutions of the matter equatidt!)  pelongs to a unique shell spacetime: the condition that the

and define the so-called mass functid{R) by shell spacetime satisfies the full set of Einstein equations
determines the mads, of right subspacetimé, and the
M(R):=A(R)p(A(R)). trajectory R (t), T, (t) in it up to a constant shift of

084005-3



PETR HAJICEK PHYSICAL REVIEW D 58 084005

T, (1). In this sense, the shell dynamics can be reduced to a (4E)?
dynamics of a particlelike object on fixed two-dimensional ds?=— —du dv,
spacetimeM;. In Ref. [9], the corresponding variational K€
principle was shown to be uniquely determinégp to a
coordinate-dependent factor in front of the super-
Hamiltonian if the super-Hamiltonian was required to be at
most quadratic in momenta, and the value of the momentum Kk Y(x):=(x—1)ex;
conserved due to the time-shift symmetry to be the negative
of the Schwarzschild mass of external subspacetinte  this implies the identity
which is the total energy of the shell.

Let us describe this variational principle. We will leave , 1
out the indices— and 1 in refering toM _ and M, within K (X)= k(x)e<0’
the Warsaw approach. The coordinat€s a=0,1 on M
play the role of the canonical coordinates of the system; thehe transformation to the Schwarzschild coordinates is given
corresponding canonical momenta are denotedpRy a by
=0,1. The action reads

wherex= x(—UV), and the function«(x) is defined in the
interval (—1,) by its inverse

\%
. R=2Ex(—UV), T=2EIn —‘. 7
slzf dt (p.x2—ANCy), (4) U
It follows that
wheret is an arbitrary parameter along dynamical trajecto-
ries, V' is a Lagrange multiplier, and the super-Hamiltonian Uv k-1
T F(R)=— = . (8)
C, is given by e K

1 b ) b 1, The time-shift Killing vector¢ has the form
C1:=5F(gPapp+ M) —WEPpadp— s W2 (5)
1
Here,g?"(x) is the contravariant metric ot (observe that
the supermetriccg?® is flat), £3(x) is the Schwarzschild The variational principle(4) and (5) for the Warsaw ap-

time-shift Killing vector onM, F=—g2%,&,, the poten- proach reads in Kruskal coordinates
tial W(x) is defined by

M2(R) slzf dt(PyU+PyW—AC,), ©)
W(R):=E— , (6)
2R
where
andM (R) is the mass function of the shell matter. UVP, Py k-1 W W2
Reference [9] contains a proof that the variation prin- C= . 2V > M2+E(U Pu—VPy)— -
ciple (4) implies the radial equatiofl) and the time equation 2(2E) K
(3) with e= — 1. The time equatiofi3) with e= +1 must be (10

added by hand. - _
. . Our definitions(5), (10), and (6) of C; and W differ from
We observe that the extended phase space is four d'meﬂiose given in(R)ef([g])by thé 1)‘actor?: so that the super-

sional and that there is one constraint. Hence, the system hﬁfamiltonianc and the potentiaW are smooth everywhere
l .

just one physical degree of freedom; this can be chosen tPJsing Eq. (10) one can show that the functioy, has a

be, for example, the radius of the shell. ; .
As one can easily verify, nonzero gradient e_veryvx{here on the phase space with the
exception of the points withl=V=0 (whose projections to
a1 the configuration space is the crossing point of the two hori-
{C1,€%pa}=0. zonsR=2E). Moreover, the constraint equatiagh=0 has
no finite momenta solution there in the generic case
Thus, £%p, is conserved. The value &fp, is —E, , where  \W(2E)#0. This is roughly a consequence of the require-
E. is the total energy of the shell, or alternatively, the ment that¢é2p,=E. and the fact that all components of the
Schwarzschild mass of the external Subspacetime of ShQuectorg vanish at the Crossing point_ Of course, in the spe-
spacetime. Thug, cannot be homogeneous in the velocitiescial case of flat spacetimé&E( =0) this problem is avoided.
x?; this is the reason for the presence of the vector potentidlVe shall also show in Sec. Il B that this singularity is due to
W&, in the super-Hamiltoniag; . the choice of the coordinated andp, .
To do the calculations, we shall choose the Kruskal coor- An analysis that is based on the Kruskal coordinates can-
dinatesU andV for x2; let us recapitulate some properties of not include the two special casé&s.=0 and E, =0, in
these coordinates. The spacetime metric has the form which one of the subspacetimes is flat because the Kruskal
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coordinates become badly singular in the lifait —0. The Cp:=[Eke "4 —UePx/Ryve Pk/R)]
caseE_=0 is, however, especially important. We give a
short description of it in the Appendix. +M(E ki +E_k-). (16)

C. The Potsdam approach ) .
The symbol f] denotes the jump of the quantityacross the

In this subsection, another approach to the shell dynamicgheII [f]:=f,—f_ andf denotes the average of the values
is described. It starts, so to speak, from first principles: in ' '

Ref. [10], general Lagrangian and Hamiltonian formalisms©f f from left and right:f:=(f_ +f_)/2. _

for massive shell are developed, starting from the Einstein- -6t US stress that the origin of the symplectic structure

Hilbert and fluid actions. The Hamiltonian formalism is re- d€fined by thg L'OPV'"e form in a.Ct'O'(IlS) lies n the form

duced in Ref[11] by spherical symmetry, using a transfor- of the Einstein-Hilbert Lagrangian. Concerning th? con-

mation of canonical variables invented by Kuchag]. The straints, there are three of them in all: the twq primaries

basic properties of the resulting constrained system are g%+~ R-=0 andC;=0 and one secondary=0 which can

follows. be obtained by variation with respectRg .. after employing
The canonical coordinates involved are four coordinatedh® constrain€ ., x, =E_«_:

of the shell in left and the right subspacetim#$... For

example, one can take the Kruskal coordindfesandV.. .

Another variable is the so-called “Kruskal momenturi?g o= 9C n 9C,

that was introduced in Ref11]: B Py IPx '
Pr:=R t I=C|ié
:=R, arctan , .
K dz, We obtain
whereX,:=-U_+V,andZ.:=U_+V,, so that the argu-
ment of the arctanh can be considered as the “Kruskal ve- 1
locity,” that is, the velocity of the shell with respect to the X=- (UePk/Ryve Pr/Ry [
Kruskal frame(n_(1,1) n.(—1,1)) (n. is a suitable normal- 2\ ke"
ization factoy. First,
. R dv, The pair (¢,R, —R_) form the second-class part of the con-
Pk=2 Ingg (1) straints setsee Ref[11]).

Hence, we have an eight-dimensional extended phase
observe thatdV,/dU,=0 holds along each nonspacelike SPace and three constraints. This implies that there are two

curve. There is a relation of the Kruskal momentum to thePhysical degrees of freedom; they can, e.g., be chosén as
proper-time velocity U, /ds,dV,/ds); it follows from Eq. ~ @nd R_. This should be compared with the Warsaw ap-

(11) and the normalization condition proach of the preceding subsection, where the Schwarzschild
massE_ was just a parameter having vanishing Poisson
(4E)? dU,_ dV, brackets with everything.
T e ds ds T (12 The Kruskal metric is invariant with respect to the one-

dimensional transformation grou , \ € (—o,):

wherex.:=«x(—U_V,), namely,

A -\
du, x.e*e _pEIR 13 Jben vmve o
e — K €
ds  4E, ° ° (13

From this isometry, an infinite-dimensional abelian group of
dV, k" PR symmetry for the actioril5) can be constructed as follows.
BV T-JR (14 First, it can transform the coordinates , V_ of left and
U, , V. of right subspacetimes independently. Second, this
The variational principle of the Potsdam approach has beeflouble transformation can be performed for each value of the

ds 4E,

written down in terms of Kruskal coordinated,, V., pair (E, ,E_) independently. Such a transformation has the
Kruskal momentaPg , and the energieg, in Ref.[11]: form
szzf dt([— 2ExPg+E?(k+1)e <(VU—UV)] U,>U, B, VsV, e MEd e=+1, (18
+2U[Ex]— (), (15

where\x _(E_) and\ . (E.) are two arbitrarysmooth func-
where tions Let wus denote the transformation by
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G[N_(E_),N,(E})]. Clearly, G preserves the products ant, but that the Liouville form in the actiofl5) changes

U.V, and the two masses, .> sign. Thus,T, is an antisymplectic mafthis is common for
The corresponding transformation of the Kruskal mo-time reversals
menta is determined by E¢L1): Next, considerT,; it changes the space orientation ex-
changing right and left. Thus, we have to define
Pr—Pr—RAJ(E,). (19
, ‘. e ToU V)=(V_ Uy
Then, the functiond) . e"«/Re andV, e~ Px/Re are invariants,

and so are both constrain€s andR, —R_. Itis a littte  and, similarly,

more difficult to see that the Liouville form of the acti¢hb)

changes at most by a closed form. Let us write out the trans- P.——Pr, E_oE,.
formation of just thee part of it leaving out the index

RAP+E%(1+ k)e *(VdU—UdV) One can see immediately that both the constraints and the
Liouville form are invariant with respect to this transfroma-
— —RdP(+E2(1+ k)e”*(VdU—UdV) + Rd(R\) tion.

2 —K
+2E5(1+x)e "UVdh. Ill. CARTAN FORMS

Using Eq.(8) andR=2E«, we obtain for the last two terms A. Reparametrization-invariant reduction method
RA(RN) + 2E?(1+ k)e “UVda The two variational principle§d) and (15) seem to be as
) different as one can imagine. Although they depend on some
_ R)\dR+R—d)\ + 2E2d—)\dE common variablegbecauseJ=U_ andV=V_), the mo-
2 de ™ menta are different in each case, and the nature of the super-
o Hamiltonians(10) and(16) is very different:.C;=0 is a con-
which is a closed form. dition on the norm of the two-velocity of the shell in the left

The Kruskal spacetime also admits an isometry group Ofsubspacetime, whereag,=0 relates the time-time-

four elements with generatof, andT,, the two transfor-  components of the second fundamental forms of the shell in
mations that are obtained by extending the Schwarzschilghe |eft and right subspacetiniendeed,C,=0 is a compo-
time reversalT— —T, either from the quadrant <0, V nent of the Israel equation

>0 or fromU>0, V>0 to the whole of the Kruskal mani- It turns out that the simplest way to compare the two

fold systems is to solve all constraints thus reducing the systems
(v _ _ completely. It is, however, the kind of reduction that does
TUV)=(=V,=U), T(UV)=(V,U). not deparametrize the system: no choice of gauge is neces-
These transformations can be used to define symmetries sfry. The resulting Lagrangian is the val@g¢X) of the so-

the variational principlé15) as follows. Consider first;; it called “Cartan form” © at the tangent vectok of a trajec-
changes the time orientation of the Kruskal spacetime. Thusory, and so it is homogeneous in velocities. The variation of
it must act in both Kruskal subspacetimes of each shelthe corresponding action
spacetime simultaneously, or else the resulting shell space-
time has no time orientation. We have, therefore S:f dt ©(5)
Tl(Uevve)z(_Vea_Ue)'
The action of this transformation on the moment&j is leads to dynamical equations of the form
determined by Eq(11): .
dO(X,6X)=0, VoX. (20)
Pi——Pk.
d® coincides with the presymplectic for@(,) on the con-
Finally, E, are clearly invariants. This defines a transforma-straint surface of the system, and the equation of ma26h
tion in the extended phase space that will be also denoted bs}fmply says thak must lie in the degeneracy subspaceof
T,. Observe that the constrainfs andR, —R_ are invari-  (for more about presymplectic forms see, e.g., Réf4] and
[15]; cf. also Ref[16]).

*The origin of this symmetry is easy to understand: continuous B. Warsaw description
symmetry groups are generated by perenr@sastants of motion . ) .
E_ andE, are perennials, and any function§E_) and A(E,) In this subsection, we will reduce the Warsaw system.

are also perennials. Thus, one obtains a symmetry depending oance the Potsdam approach has only been written down for
two arbitrary functions of one variable. In fact, the symmetry groupmassive shells as of yet, we restrict ourselves to massive
is even larger: it is generated by all perennials of the formshellsM(R)#0 in the rest of the paper. We observe then
A(E; EL). that the constrainf; =0 can be easily solved, if we express
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the momentaP, and Py by means ofP¢ as follows. The

PHYSICAL REVIEW [58 084005

2EM
variation of the actior{9) with respect to the momenta gives 0 ,,=2EW,(Vd U—UdV)—\/:K(ePK’RdUnLe* Pk/RG V),

their relation to the velocities

_2(2E)2(U vvu)
Po=—gv \N 2 )

223V wV
Pv="uv |~ 2]

If we insert these expressions for the momenta into the con-

straint(10), we obtain that

UV (k—1)% M?
NN~ K (4E)?

A comparison with Eq(12) and the use of Eq$13) and(14)
leads to

M w
Py=2E| — ——ePx/Ry— | (21
ke’ u
M W
P,=2E ——ePK’R——). (22)
Ker \%

One easily verifies that these expressions gy and Py,
satisfy the constraintl0) identically. In this way, we have
arrived at the constraint manifold; with the coordinates

Ke
where

W(R)—W(2E)

W, (=UV):= OV
is a smooth function. For example, wil = const,

M2
W, = .
4Eke”

The regularity of the constraint system requires, however,
a slightly stronger condition than just the smoothness of the
Cartan form: the presymplectic form®,=d®,, must be
smooth and its degeneracy subspace must be one dimen-
sional everywhere iff’;. Let us calculate the presymplectic
form; a straightforward but tedious procedure yields

2E

ke

M

ke~

(_UePK/R+Ve_PK/R)

K

2(2E)?W
d@)l:(( S W,
ke

M Py
e
K e\ ke~

UePK’R+VePK’R)) dUAdV

M
— ———(ePKRdP AdU—e P/RdP AdV),
K\ ke~

U, V, andPy. On this manifold, there are two important
guantities: the pull-back-E, of the conserved quantity
&p,=1/(4E)(—UP,+VPy) and the Cartan form. Substi-
tuting for the moment#&, andP,,, we obtain

where the indicesR and x denote partial derivatives with
respect to the corresponding variables. An inspection shows
that this form is smooth and it nonzero everywhere; this is
sufficient for a two form on a three-dimensional manifold to

M(R) b IR R M2(R) define a smooth one-dimensional degeneracy distribution.
E+=E+2W(—Ue KTHVe K —e—, Thus, the constraint systeni'{,0;) is completely regular
23) even atU=V=0. The singularity of the variational principle

(4) is due just to the choice of the variable$andp,: the
where R is an abbreviation for Ex(—UV). The Cartan Simplicity of the super-Hamiltonia(b) is traded for the sin-

form is obtained if we substitute for the momenta into thegularity atu=V=0. In any case, the constraint manifdlg
Liouville form of the action(9): is defined by the coordinatés, V, andPy in the ranges

~UVe(—1x), E,e(0®).
(ePk/RdU+e Pk/Rdv).

(24

u) 2EM(R)
ull-—

@1:2EWd<In
ke~

C. Symmetry and adapted coordinates

In this section, we shall study the static symmetry of the

One would expect that these objects would be singular akruskal spacetime and the corresponding symmetry of the
the pointU =V =0 where the horizons cross, and indeed, thesystem [;,0,). We shall use the symmetry to find some
Cartan form(24) diverges even at both horizohs=0 and  coordinate systems which will simplify the subsequent cal-
V=0. However, this singularity can be removed by subtract-culations.
ing the differential of the function Equations(17) and (19) for A =const, define a transfor-
mation onI'y; this transformation leaves the functidn,
and the form®, invariant. Thus, it is a symmetry of the
constraint system. From the discrete transformations, dnly
survives; T, would map our system to an equivalent one,
in this way, we obtain a Cartan form which is regular every-which would be obtained if we based the description on the
where: trajectory in right subspacetim&1,. It is quite natural that

U
2EW(2E) In V"
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this much smaller transformation group remained from the 2. Coordinates R E, , and P
group G[A,(EL),N_(E_)] here, because the right sub-
spacetime is missing artel= const, so\ (E) = const. We call
this transformatiorG(\).

The orbits of the grouigs(\) in I'; are one dimensional,
and the quotient’; /G(\) is a two-dimensional manifold. It
is useful to introduce coordinate systems that are adapted ;
this quotient structure: two coor()j/inates that are Coﬁstan uotient. Of courseR and B are not everywhere regular

; . coordinates: clearly, at the maximal radii of bound trajecto-
along the group orbits and another one that transforms sim- di f both f ionR and E ish in th
oly by the group. ries, gradients of both functionR and E, vanish in the

direction of the trajectories; we can, however, still work with
these coordinates in the rest of the quotient and match the
results at the singular points. The transformation fiom@nd

The functionE, is not only invariant with respect to the
groupG(\), but also an integral of motion. Hence, projec-
tions of the dynamical trajectories to the quoti&ht/G(\)
are just the curve&, = const. It will prove advantageous,
g;erefore, to transform to the coordinatesandE, on the

1. Coordinates y v, and P

Let us define v to E; andR are given by Egs(30) and(28). The inverse
transformation is obtained by solving these equationsufor
UePk/R Ve Px/R andv:
u=———, vi=——. (25 '
e er
“ “ Yt o Y2 ax

The factor 14/xe” does not improve the transformation Uo= 2 ' (32)
properties, but it leads to additional simplifications: indeed,
all exponentials, square roots, and transcendental Kruskal Y+ o JYZ=4X
functions will disappear. Futher, VoS5 (33

~. _EPg . - | |

P::T’ (260 where w is a sign whose significance will be established

shortly,

hence oE

~ o~ Xi=1-—,

P—P—E\ R
Equation (8) implies that v 2( E,—E M(R))

= +—=,
. oE o M(R) 2R
Uy =— —_—

v R and

or Y2—4X=—4V(R), (39)
2E

= , (280  whereV(R) is given by Eq.(2). Thus, if V(R) vanishesR
1+uv must also vanish and this happens only at the turning point of
a bound trajectory. The meaning of the signn front of the

and this, together with Ed), yields square root is simple. As

1

= —u-+ :Y,
K= T i0" (29 ( V)
— NZ_A%
The objectE, and®, can be transformed into these coor- (Utv),=wVY —4X,
dinates with the results o
it distinguishes the upper and lower half of thev-plane;
M(R) M?(R) the turning points are lying at+v=0 and the coordinates
Bi=BE-——(U—v)——g— (30 E, andR are not regular there.
and D. Potsdam description
EM2(R) u In this subsection, we reduce our second system com-
1= Td( In’— —2EM(R)d(u+v) pletely. In analogy with Eq(25), we define
Pr/R -Pg/R
M(R) 2E _ _Yewe Ve K
— (u+v)(l+ =|drR-4E.dP, @D VS e VT e 39
whereR is defined by Eq(28). and obtain the relations
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2E,
R,

€

_ 2E, 1
€ 1+u.v,’ K€_1+UEUE'
(36)

uuv.=—1+ R

The three constraint§,=0, R, =R_ and y=0 simplify
greatly in these coordinates:

Co= %[R(—u+v)]+M(R),

X= E[u U],

R=R,=R_.

They can be solved immediately, either for, v,, and

E:,
up=u_ @, 37
v+—v_—%R), (38)
E.= 7—@( —v)—M;QR) (39
orforu_, v_, andE_,
E=E++@(U+—v+)—M;§) (40)

[solutions foru_ andv_ are given by Eqgs(37) and (38)].
From the definitiong35), we obtain

Ue

\Y

2Py

TR

uE

(41)

€

To calculate the Cartan forrd,, we first express the
Liouville form of the action(15) in the variablesu_, v_,
Pc,E_,u,,v,, Pg,andE, using an analogy of Ed8)

UEUE:(]._ Ke)eke;

after substituting fole, , u,, andv, and employing sev-
eral times the equatioR=2E_«_=2E, k., we obtain

u

R2
0,=— ——Ez)d In (42)

4

—‘ +4EdT3},
v

where the sigrn= suggests that we have added some closeé%)2

forms and

o _EPE

=t 43)

PHYSICAL REVIEW [58 084005

U_v_e(—1,),u,v,e(—1x), E_e(00),

P, e(—o,x).

E,e(0°),P_e(—x,»),

The reduced action has the form

Szc:f dt Lac,
where the Lagrangian is
Loc= R E2 Ub+4ET5 44
2c= || 7 T : (44)

The symmetry group of the systenh’'{,®,) contains the
whole infinite-dimensional grous[A_(E_),A,(E,)]. In
the coordinate€_, u_, v_, P_, andP, , these transfor-
mations take on the form

E_—E_, —P_

u_—u_, v_—uv_, P_

—E_NE.), P,—»P,.—E.\E,).

®, changes by E,d(E.\,(E,))—4E_d(E_X(E.)),
which is obviously a closed form. From the discrete group,
T, remains simple; it acts as follows:

E.—~E_, u.——-u_., v_—-v_,

IV. EXCLUSION OF A CYCLIC COORDINATE

If one compares the systemb,0,) and (,,0,) the
first difference that catches one’s eye is thatis five di-
mensional and’; is only three-dimensional. In this section,
we shall get rid of two dimensions df,. The fact that the
variableE appears in1,0,) as a parameter implies that
we have to select the submanifdlgCT', of constant co-
ordinateE_ in I', as the first step. AE_ is a constant of
motion, the dynamical trajectories that interségt all re-
main inI',g. However, the dimension df ,¢ is still larger
by 1 than that of",; moreover, the pull-back) g of ®, to
I',e defines a presymplectic forrd®,g that has a two-
dimensional space of degeneracy: it contains the vector

a/P_ in addition to the direction of motion. Thus, in the
second step, we have to construct the manifdld:

=I',:/P_; itis the quotient off',¢ by theP_ curves(i.e.,
curves withu_ = const,v _ = const, and®, =cons}. A form
e that differs from® . by a form closed o', does not

contain the variabl®_ ; it can, therefore, be pushed forward
by the quotient projectionr to I'z giving a form that we call
Oc. dOc is a presymplectic form o'z with a one-
dimensional degeneracy subspace everywhere, and the inte-
gral manifolds of this subspace coincide with the projection

The form is well-defined and smooth everywhere on the cont0 I'e of the original dynamical trajectories. Observe that we
straint manifoldI", which is defined by the ranges of the have to take a quotient so thAt. remains arbitrary; we are

coordinatesu_, v_, E_, P_, andP, :

not allowed to choose a surface transverse toRthecurves
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instead, defined, for example, by the equaffon= const, for ~ variation principl~e does not contain any information about it.
P_ is not a gauge coordinate or an integral of moti@n We observe thaP_ is “completely smeared” even classi-
satisfies a nontrivial dynamical equation that would be vio-caly, as any point of ¢ is a wholeP_ curve,P_ e (—,
lated byP_ = cons}. +©), and the remaining variables in the systehy (O),

In terms of coordinates and dynamical equations, the conaamely,u_, v_, andP. , have vanishing Poisson brackets
struction is very simple. The pull-badR,c of ®, to I';>g with E_ in the original Potsdam system.
coincides with®, in the coordinates_, v_, P_, andP, ; This is in nice correspondence with quantum mechanics
only E_ changes its status: it becomes a constant parametegonstruted for the two classical systeni$ the factor-

Then the term E_dP_ is the differential of the function ©Ordering problem is solved suitablythe Hilbert spacét of

~ . . the system[',,0,) can be written as the orthogonal sum of
4E_P_ onI',z and can be omitted because it does not con- y (2,02) 9

tribute tod® e ; thus, we end up with the form the eigenspacekg  of the operatolE_; E_ is a point of

el

v

its spectruma(E_). On the Hilbert spacé{g , only those
”—4E+dl~3+ . (45  elements of the algebra of observables can act that commute

with E_, and Hg is the Hilbert space of the system
(FE 1®E)'

We can even reconstruct a trajectory of the system
(I'5,0,) from one of 'g,0¢) using Eq.(47) which must
simply be added by hand as follows. Let(t), v_(t), and
P. (t) be a trajectory of [g,0¢) parametrized by an arbi-

|
®2E_

This form is independent d®_ and so can be pushed for-
ward toI'g; in the coordinatesi_, v_, andP_ , the push-
forward is given by the same expression@sg: . Thus, the
new action reads

trary parametet. Let us substitute these functions for ,
SE:J dt Lg, v_, andP, in Eqg. (47). We obtain an equation of the form
where the Lagrangian is dP_ 1 dlg

=" E(u,(t),v,(t),m(t));

—4E.P 46 -
T (46) the integration will yield the functiorP_(t) depending on

_ one arbitrary constarithis constant is determined by an ini-
on the spacé’e with coordinatesi_, v_, andP... Letus tjg| value ofP_). Such a procedure is, in fact, equivalent to

denote this three-dimensional system by:(@g). The sym-  reconstructing the manifolf, from I'g by
metry of this system is still infinitely dimensional: it is the

transformation grou@[\ . (E.),\] [the e= + 1-part of the [y=TeX(—o%,+®)g X(—%°,+o)p
transformation acts only oR, and\_(E_) is a constant, _
becauseE _ is] and the time reversdl, . and adding the termE_dP_ to ®¢. In quantum mechan-

Let us compare the dynamical equations obtained bycs, this corresponds to defining
varying the actionsS,c and Sg. The following observation
is helpful: the part of the Lagrangia@d4) that contains the L

: = 2 : ) Hi= >
variablesu_, v_, and P, coincides with the Lagrangian o(E)
(46). It follows that the variations of actio8, with respect
to the variablesi_, v_, andP_ differ from the correspond- [in general, one has to be careful about the spectrum of the
ing variations of the actiog only by terms that are propor- conserved quantity which is just{(x, +) herg and
tional toE_ ; butE_=0 is the dynamical equation obtained
by varying the actiorS,c with respect toP_ . Hence, the
three dynamical equations of the systel, (®,) due to
variation ofu_, v_, andP_, if one setsE_=0 in them, the E_ dependence of the Hamiltonian of the system
are identical to the correspondlng three equ_atlons of the sy?-FE’@E) will then lead to some time evolution &
tem (U'g,®g). The equationE_=0 is free in the system

(T'z,0¢), becaus& _ is a constant parameter there. Finally,
there is another equation in the systef, (®,), namely,

® He_

-_i (9 .
T 4 9E

o

V. SEARCH FOR THE EQUIVALENCE MAP

that due to the variation d _ ; it can be written in the form We still need to find a transformation between the system
(T'e,®g) and 1,0,) showing that they are equivalent.
4p = E 47) This problem will be studied in the present section.
- JE_" The basic properties of such a maphich is, in fact a

B “morphism of presymplectic manifolds) let us denote it by
It cannot be obtained in the systedig,0¢), becausd®_ is @, are the following.
the cyclic coordinate that has been eliminated, and the new (1)®:I";—I'g is a diffeomorphism.
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(2) The pull-backd, O of O to I'; differs from®, by  smaller than the Planck masand uniqueness of a self-
a closed form. This guarantees that the presymplectic formadjoint extension of the Hamiltonian. The eigenfunctions of
coincide® the extended Hamiltonian are linear combinations of con-

3 If f;:I';—R andfz:I'g—R are quantities with the tracting and expanding waves. One can construct wave pack-
same physical or geometrical significance in both systemsts from them that are, at each tifigspacially concentrated
then®, fg="1,. around a well-defined wave-function maximum so that one

Suppose that such a map exists. Let us express it bgan plot the radiu®,, of the maximum as a function of the
means of the Coordinatesul@,f)) on ([‘l,@l) and timeT. The fUnCtionRM(T) diverges forT—>_°C, then de-
(u_,w_,P,)on([g,0p): creases until, at sonmik,, a minimumRy,(Tg)>0 of Ry (T)

- V=t EYE/- . . . T

is reached, and then increases again to infinity as~. For

each wave packet one can define a time deldybetween

U-=u_d(uuv,P), (48) the departure of the packet B=« and the arrival aR
- =ow. Of course, AT is not the limit limg_.[T2(R)
v_=v_°®(u,v,P), (49 —T,(R)], whereT, R) are the two solutions of the equa-
tion Ry (T)=R, because the differencg,(R)—T,(R) di-
P,=P,o®(u,v,P). (500 verges asR—»; one definesAT, e.g., by comparing the

packet “trajectory” with some standard scattering trajectory.
The functiong48)—(50) can be viewed as a coordinate trans-  To interpret this scattering, we need, however, the func-
formation andu, v, andP as new coordinates dfe . Thisis ~ tion Ru(T.) rather tharRy,(T). In principle, we can calcu-
an interpretation off that avoids the following parado®_  'até the first from the second by using some fixed rmap

is to be totally undetermined iz (see the previous sectipn The problem is that two different mapd,; and @, say,
. , , will then lead to two differenRy,(T..) that imply in turn two
and at the same timE_ has the same physical meaning as

< different time delayfAT. This is clear because the contract-
P, which is to be a well-defined function with its domain in |ng (expanding part of RM(T) lies in the subset of phase
I'e by Egs.(48—(50). By considering Eq(50) as a coordi-  space that contains contractitexpanding scattering trajec-
nate transformation, we regafd as a coordinate in right tories and the difference betwedn and ®, along the ex-

Subspacetime’ becau?ﬁ_ andhp are in one-to-one relation panding trajeCtOI’ieS is independent from their difference

[see also Eqg52) and(53)] andP, it is such a coordinate. along contracting trajectories.
Another important point is that there is an infinite number _ _ _ _
of different maps that satisfy the above requirements, if it ~ A. The differential equation for ® in the general case

one exists. This follows from symmetry: given a mép we In this subsection, we shall return to classical theory and
can sandwich it between the symmetries to obtain anoth&k&formulate the above requirements énin the form of a
one. The nonuniqueness &, however, leads to an uncer- diferential equation. We assume tHat-0 andE, >0; the
tainty in the coordinateP, (and therefore to that of the special cas&=0 is studied in the Appendix. We have two

Schwarzschild coordinafg, ) of the shell. The symmetr$  manifolds,I"; with coordinatesu, v, andP that satisfy the

isﬁ flrlom the point of \r/]i_eW gf the spac_et(;me @fleﬁmet_W_ of leaChconditions R>0 andE. >0 andI'¢ with the coordinates

shell spacetime, nothing but a remainder of the original gen- = e i .

eral covariance: the Schwarzschild or the Kruskal coordi-u*’ v E* sat|~sfy|ng the sal1me conqmo(mvhlch Is inde

nates are not uniquely determined by the geometry of a fixe@endent ofP_ or P..). According to point(2) above,

Kruskal spacetime. To map the dynamics of the system d(®, Oc—0,)=0 (51)
* .

(I'1,0,) to I'g,O¢), a particulard must be fixed. Which
one does not seem to matter as far(elgssical physical  the fynctionsu andu_ as well asv andv_ represent the

properties are concerned: a changedinamounts to just  game physical quantities, so according to pé@ithe trans-
relabeling the classical dynamical trajectories. formation (48)—(50) has to preserve them:
In quantum theory such a relabeling may lead to a prob-

lem, however. As an example, consider the unitary extension
of the quantum shell dynamics described in R&i. There,
one works with coordinates analogousupv, andP and
one uses the simplicity of the Hamiltonian in these coordi-
nates to show the existen¢é the rest mass of the shell is

u_O®d(u,v,P)=u, (52

v_Od(u,v,P)=v. (53)

Thus, the only nontrivial part ab is the transformatio(50);
let us denote the corresponding function ¢y

“To define equivalent dynamics, two presymplectic forms just had By B s
: o . X u,v,P):=P,Od(u,v,P). 54
to be proportional to each other with an arbitrary function on the ¢(u,v,P) * (uv,P) (54
constraint surface as the factor of proportionality. However, pr- T B . .
esymplectic forms contain more information: they define the Pois-SUbStltu'[Ing Eqs(52)—(54) into Eq. (51), we obtain
son brackets of perennialthat is, functions that are constant along d(O] - _®.)=0 (55)
the trajectories, cf. Ref16]); thus, the factor must be equal to 1. (O E_=Eu_=uv_=v,P,=¢ 1)=0.
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This is a partial differential equation of the first order for the
function ¢; its characteristics are easily found to coincide
with the curvesE, = const. We can, therefore, reduce this
equation to an ordinary differential equation if we transform
it to the coordinate® andE . . This is our next task.

Let us define the functiona, B, A’, andB’ of R and
E. by

Otle —Eu —uw_=0.p,-¢=AdR+BdE, —4E.d¢,
(56)

0,=A’dR+B'dE, —4E. dP.
(57)

Substituting Egs(56) and (57) into Eqg. (55), we obtain the
equations

AE+ _A{z+ —4¢r=Br—Bg,

$p=1

(the indices denote partial derivatiye3hese two equations
are equivalent to the system

$=P+A(RE,), (58)
JA 1 .,
ﬁ: Z(AEJr_ BR_AE++ BR)
(59)

Equation (59) is the desired ordinary differential equation
(for the functionA).

Let us work out the explicitR-E, dependence of the
right-hand side. We obtain from Eq&1) and(45)

2 R2

R u u
A=(Z—E2)(In— —(Z—Ei) |n—*) :
vl g Vil g
R? u R? u
o (o), -2
vl/g, vel/g,
A= Ele ! 2EM(u+
=T r M3 R— (utv)gr
M + 1+2E
3(U v) =l
, EM? Ju
B'=— R In; —2EM(u+v)E+.
E+
We find easily
A: —B 2E(Iu> R(lu) +R|u+)
—Bgr= n—| —={Inl— = Inl—] ,
E. TR * v/ 5 2 vl /e, 2 vl /g,

PHYSICAL REVIEW D 58 084005

) , M?2 u
AE+_BR:E ? . In; . +2EMR(U+U)E+
+
M 2E
—? 1+? (U+U)E+.

Next, we have to express everything in termd&RoéndE , ,
using Egs.(32) and (33). As the first step, we derive the
following helpful equations:

E,.-E M JP
STV TR TR

E.-E M JP

="M T2RTOMR

E.-E M JP
U+ M 2R “MR’

E.-E M JP

VsT M 2R TOMR

where

P(R):=—M?(R)R?V(R).

A straightforward calculation then gives

2

“Etor

(O]

7

Ae,—Br=— R+2E+)( E.

oM
n R

M P

((AE2 —4E_ E)R+2M2E,),

w

B - -
R 2R(P

!

AE !

+

(2(E,—E)R?+ (4E, E—4E?

2EM
+M2)R—2EM?)+ @ ———=

M\P

(2(E.—E)R
—M?).

Collecting all pieces, we arrive at the differential equation
for A in the form

dA

d—=i C2(E,—E)2+M2(E, +E) =
R 4p R
o R [(E.—E)?2R+M2(E,+E)]. (60)
M\/']—) + + .

Observe that the upper and lowetw planes give the same
curves, only their orientation is different.
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B. Solution of the equation for A in the case of dust

PHYSICAL REVIEW [58 084005

(i) (E.—E)2—M?>0. In terms of the variableE, E. ,

In the general case we cannot say much about the soluticdd M, this means that eithef.>E+M or E, <E—M.

of Eqg. (60) because the functioM(R) in it is an arbitrary
(positive function. In the case of dusk] = const, however,
the equation is readily solvable. In this case, we obtain

dA

1
R 207 ~2(E,—E)*+M*E, +E)z|. (6D

Equation (61) can be solved by elementary integration; the

The corresponding trajectories are the contracting and ex-
panding scattering states. Then

A(RE.) (E.—E)? EaR+M2(E++E)

, = —w——F— alCCosh s

tee 2\a M2\4E, E+ M2
(63

wherea: = (E, —E)2—M?; we use the increasing branch of

solution, however, will change its form if the parameters@/ccosh-Af is regular for allRe (0). The values at the

E., E, andM vary. Thus, we obtain only a local form of

the functionA. In the present subsection, a careful discus- 5
sion of the different cases is given. The results of this dis-
cussion will be used in the next subsection where we try to

match the different cases smoothly together.
Let us write the solution of Eq61) in each of the half
u-v planesw=*1 as follows:

AC=AS+AL+AY,

whereAg=Ag(E.) is an arbitrary function oE . (integra-
tion constant—this is the nonuniquenessdndue to the
symmetry,

Ao (E,—E)? [ dR
=—w— —_—
1 2 \/7—)
and
Ao o MZ(E++E)J dR
2. 4 R\/ﬁ.

For dust, the functior® becomes a quadratic polynomial of
R:

M4
(E;—E)?*— M2)R2+(E++E)M2R+T,

P(R):

The discriminant of the quadratic equati®R) =0 equals
M4(4EE, +M?); it is always positive, so there are two
roots:

M?2 1

Ry=— — 0
Y 2 (E,+E)+4E.E+M?

and
_ M?(E.+E)+4E.E+M? 62
© 2 (Ee-B2-m?

R, is positive for E,—E)’°—M?<0, that is, E,
e (max(0E—M),E+M). ThenP(R)>0 in the intervalR
e (0,R,) and the trajectory is bound, with maximal radiu
R,. For (E, —E)>—~M?=0, R,<R;<0, P(R)>0 in the in-
tervalRe (0,0) and the trajectory is unbound.

To calculate the functiod?, we have to distinguish three
cases.

end points are

AYOE.) (E,—E)  E.+E
, =—w arccosn s
v 2\a J4E.E+M?2

and A7 diverges logarithmically wittR— o to — woe.

(i) (Ex—E)2>~M2=0. Then R;<0, R,—»= and the
polynomial P(R)>0 for all Re (0,). The trajectories are
the parabolic scattering states separating the scattering states
from the bound states. The integral is

(E+_E)2
T“2(E.+E)

AY= VA(E, +E)R+M?2. (64)
It is again regular for alRe (0,). The values at the end
points are

(E.—E)’M

MO RE e

and it diverges afk'? for R— .

(i) (E. —E)?—M?2<0. In terms of the variables, E, ,
and M, this means thak ., € (max(OE—M),E+M). Then
R;<0<R,. The corresponding trajectories are the bound
states and the integral is

A%(RE.) (E,—E)? 2aR+M?2(E,+E)
s =—w ICCOS
A 2V—a M2\/4E E+ M2

(we use the decreasing branch of argcadsy’ is regular for
all Re (O,R,). The values at the end points are

(E+_
2J-a

E,+E
arccos

VAE E+M?

AY0E,)=—w

and
(E+_E)2
2\V—«a

The functionA3 can be calculated immediately with the re-

7(RL,E\)=—0 (66)

r.

s sult

E,+E | 2(E, +E)R+M2+2\P

n 1
2 2R\AE,E+M?
(67)

(2»(R1E+):_w
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which is valid for all values ok, , E, M, andR for which

P>0.A37 diverges aR— 0 for all trajectories. For scattering

trajectories

E.+E (E.+E)+a
2(*E)=—w n
2 JAE.E+M?2

is finite. For bound trajectories,

E.+E | (E.+E)+V4E_ E+M?
n
2

A§(RyE )= —0—>

(68)

is also finite and for the limiR,—~ (E,—E*M), we
obtain

+

In (2E+M).

PHYSICAL REVIEW D 58 084005

value(66) for = —1 at the boundary+uv =0. In the upper
half planeA; is decreasing witlR and it reaches the bound-
ary with the valug66) for o=+ 1. Thus, we can construct a
continuous function by choosingy;(E.)=0 and

(E+_E)2

N

The functionA] (R,E,)+Ag(E,) in the upper half plane,
together withA; (R,E.) in the lower, define in fact a it
smooth function at all points the lower half plane, at the
boundary u+v=0, and in the subsetE, € (max(OE
—M),E+ M) of the upper half plane; let us denote this set
by D_. D_ consists of all points at the expanding scattering
and at the bound trajectories. However, there is no continu-
ous extension of this function to the rest of the upper half
plane, because it diverges at points of the upper half plane

Agl(EJr) =

2
lim A%(Ry,EL)=—w

RZ::)o

2 satisfying €, —E)2—M?=0, that is, at contracting para-
bolic trajectories.

Let us turn to the functioa, (R,E ) starting again in the
lower half plane. It increases from the valuec atR=0 to

The functionA(R,E ;) must be well defined and smooth a finite value aR=oc along all scattering trajectories, and to
for all valuesk, >0 andR>0 of its variables, and this at all a finite value(68) with w=—1 along bound trajectories at
valueseE>0 and M>0 of its parameters in order that it the boundary+v=0. The function(68) hasfinite limits as
determines a mapb with the required properties. The E, approaches the valu&+M. Thus, there is no problem
“pieces” of A obtained in the preceding section must, there-to extend thisA, (R,E ) to the whole upper half plane. One
fore, be smoothly matched. In the present subsection weimply has to choosa ,,(E;)=0 and

prove that this is impossible and give some discussion of the
E,+E+4E, E+M?
2

C. Matching and patching

negative result.

Within the half planesu+v<0 (w<0) and u+vu
>0 (w>0), the functiolA5(R,E ) is smooth everywhere,
but A7 as a function ofE, seems to be divergent aE( o .
—E)2—M?2=0. A routine inspection in the complex plane ev+erywhere. Tfe two_functlon/s2 (R,E.) in the lower and
reveals that\? is, in fact, a smooth function there for each A2 (R.E+)+Ag(E+) in the upper half plane form together
. Hence, the sum%(R,E.,)+A%(R,E. ) is smooth inside & SMooth function in the whole-uv plane. -
each half plane. The whole functiah® can, therefore, be Itis also clear that no continuous choiceof; + A, can
made smooth by an arbitrary smooth choiceAd. remove the singularity in the upper half plane. Hence, any

The main problem is the matching at the boundayv allowed choice ofA that is continuous in the lower half
—0 between the two half planes. Let us first study Soméalane will necessarily diverge at all points of the contracting
properties of the curvek, = const in theu-v plane. The pa_rabolic trajectoriesH, =ExM) in the upper half pl_ane.
Kruskal coordinatet) andV are both future oriented; hence Th|s|(;e§ult alrtgady means thﬁt there is no functtowhich
the past singularitfR=0 lies in the quadrant) <0, V<O, would be continuous everywhere.
and the future one lies in the quadrddt=0, V>0. The An analogous construction starting from the upper half

- ; . _plane leads to analogous results; can be made smooth
transformation(25) [or (35)] preserves signs, so the past sin-P'a"€ 1 :
25 [or (35] p 9 b IonIy in the open subseP, of the u-v plane that contains

ularity lies in the lower, and the future one in the upper half™"". ) . : -
g y PR points of all contracting scattering and all bound trajectories.

of the u-v plane. Thus, in the lower half planeu{v It di ¢ all di bolic traiectori
<0), Risincreasing along all trajectories and in the upper iverges at all expanding parabolic trajectoriés, can

half plane +v>0), R is decreasing. Observe that only atgan}['be chozen sm.ct)r?tth evg'%/whetre. (I)ft.cour.sg,Ltfq%two con-
bound trajectories can cross over from one half plane to th ruc ('j?f’;s et? UF; Wi i WO 1EI etrﬁnt ;.0 utions. t all +',t
other; scattering trajectories are always imprisoned insid ey difier by a tunction of,. that diverges at all points

] o ) satisfyinge, =E+ M.
one half pla_ne. the expandin®Re0) in the lower and the The two constructions in the above paragraphs deliver, in
contracting R<<0) in the upper half plane.

fact, two maximal continuous extensions of our local solu-
Let us try to extend continuously across the boundary tions for A. This two maximal continuous extensions are of
u+v=0 using the remaining freedom ikG(E ). We shall  course also smoottif Ay are chosen gobut it is the con-
split AG(E.) into two terms,Agy(E;)+Ag E4). In the tinuity that is lost at the boundary. Similar conclusions can
lower half plane,A; is increasing withR if E. is kept  be drawn for the casé=0 or E, =0, but the proof must use
constant. IfE, e (max(OE—M),E+M), A] assumes the different vartiables becauseandv can serve as two regular

AgE,)=(E4+E) In
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coordinates only foE>0. The proof for the special cage It is a pasting of it phase spaces; but such a pasting im-
=0 is sketched in the Appendix. plies also that points of it spacetimes will be identified. In-
As discussed at the beginning of the present section, theeed, let us choose any point'(,v’ ,P’.) e T’ that lies at a

map ¢ _(if it exists) can be considered as equivalence map,gynd trajectory. ' ,v’ ,P’,) determines via Eq$36) and
(morphism) between the two systemE(,0,) and T'e,®¢)  (39) the Schwarzschild mass of the right subspacetivte,

or, alternatively, as a definition of new coordl_natesu, and g Eqs.(37), (38), (43), and(35) a point U, V) of M, ,

P for the system [¢,0¢). The fact thatd exists only lo-  where the shell is, as well as the four-velocity of the shell at
cally and is nonunique suggests another interpretation: it is gu’. ,V'’,), represented b, " through Eq.(11). By ot
pasting map between different patches of a larger presyny,q point ¢’ ,v’ ,P") is identified with (,v,P)eT’; and
plectic manifold. Let us describe an example of such a con;, . . no . oo S "
struction and see whether it can be of any use or not. th|s,_ n tfr”,,bl?— with _the point (u_,,u_ ’ED+) EF,F'

We shall denote the two maximal extensionsiotiefined ~Adain. (U” v ,P’) determines the massi =E/, of M,
above withA; =0 orAJ =0 by ® _ and® . , respectively; the point U3, V%) of M: and a four-velocityPy " at
their domains inl"; areD_ and D, .° Consider two copies (U% V1) ) Vo
of (Te,Og) denoted by [%,0%) and (C%,0%) and one !,t s,(,aems, ther_eforg that the pomtsU( V1) andi
copy of (I'y,0,): let &) :Ty—>TL have the domain (U7 ,V7%) must be identical after pasting, because they lie at
D, CT, and letd” :T;—>T" have the domai®_CT,. Let the trajectory of one and the same shell. In fact, one can

, , , easily see that all points of the trajectory then lie in these
us pa;terl andl'e togeﬂther along.. andg)+(D+) by q,),+ particular spacetimest’. and M”. and must be identical in
and similarlyI’; andI'g alongD_ and ®” (D_) by & .

_ _ _ pairs. Thus, M’ and M". have a one-dimensional set of
The result is a well definedpossibly non-Hausdoiffpr-  qints in common. This is very strange it unless the space-
esymplectic manifold, which will be denoted by @). . times M. and M, are themselves identical. In fact, there is
Problems arise, however, if one tries to find a physical nly one isometry mapping{. onto M, and preserving
interpretation of this construction and considers the role ang,, trajectory points. It is na¥ural to agsume that such an
position of observers. An idea which seems reasonable igjentification is performed in all cases where the above con-

that each dynamical system, suchlgsor Iy, describes, in  styction is viable; that isM’, andM’, are identical for all
an idealized manner, what a family of communicating ob-gr _ g» e (E_—M,E_+M). Notice that there is no analo-
+ - 1= .

servers can do with the shell. They can send it contracting i gus argument foM’ andM” , because a point df . (or
different dynamical states, observe its motion, and also obr i . : , P
serve different states of expanding shells. It seems furtht(;l;E) does not determine a unique point.bt., (or.M+)... :

ble th h ob P gld b I' d here.i It seems to follow that pasting leads to the identification
reasonable that such observers could be placed somewhere i, iy ee families of observers. Indeed, if the observers of
the right asymptotic regions o¥1, and M _ (or left, but not

g . the systeml'¢ throw in a shell in a bound stateemember
both right and left, because right observers cannot comMup 4t there are bound states passing through any radius, and,

nicate with left oneps Indeed, the observers are Wl be-  mgreover, “lower” bound shells can in any case be arranged
fore they throw in a shell contracting from the right, and thenjngirectly by the asymptotic observerthe same must be
they are inM.. ; analogously for shells expanding to the done at the same time and radius by each of the other fami-
right, the observers are first i, and, after the shell |ies. This is disappointing but not disastrous. However, if the
passes, inV_ . In this sense, the right asymptotic regions of gbservers of the systeii. throw in a shell in a scattering
all spacetime shell solutions of one system are to be considtate, then the same must be done by the observers of
ered as identical. but it it must not be done by the observersldf, because
Next consider the pasting of three systelifs, I';, and  contracting scattering states Bf are distinct from those of
I't . Nothing seems to hinder us in making the assumptioT"y according to the pasting procedure. This seem to be a
that each of the three dynamical systems has its own olparadox; | have not found any way out of it as of yet. Thus,
server family of the above kind before the pasting. It is,pasting does not seem to work.
therefore, conceivable that some of the three families remain To summarize, the ma@ that realizes the equivalence
distinct after the pasting. Then the observersI'¢f might  between the system$'(,0,) and (g, 0¢) is afflicted with
send in a shell and this shell disappears behind a horizon fdwo problems. On the one hand, a map satisfying all require-
these observers, but appears during its motion somewhef8ents(1)—(3) at the beginning of Sec. V does not exist, at
else, where it can be observed by another of the three famiast for the case of dust. One might be able to weaken the

lies. Let us look to see what happens with the families if weCOntinuity in some cautious way and still preserve the physi-
perform the pasting. cal content, but this is only a speculation that must be stud-

ied. On the other hand, the mdp is not unique; this does
not seem to lead to any serious difficulty as long as only
classical theory is concerned, but it can be a handicap for the

SObserve that the maximal extensions can be chosen diﬁerentl%elf-adjoint extension methods in the quantum theory.

overlapping again at the bound trajectories, but the new dofain

containing points of all scattering trajectories expanding to the right ACKNOWLEDGMENTS

or contracting from the left and the nefd/, containing points of all .

scattering trajectories that expand to the left or that contract from Discussions with K. Kuchamand G. Lavrelashvili are
the right. gratefully acknowledged.
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APPENDIX J ) o
= | dt ([PsR—ET]+v(Ry—R_)—vCy), (A6
In this Appendix, we shall sketch the main steps of the =2 (LPs v (R, )=vC2). (AG)

line of reasoning in terms of Schwarzschild coordinates so
that the important special cag =0 of flat shell interior Wherew and v are Lagrange multipliers and
can be dealt with. The Warsaw approach starts in this case P

bR\[F] shaﬁs +M(R)

from an action of the form Cpi=

Slzf dt (prT+prR—ACy), (Al)  There is a secondary constrajpt 0, where
acz)
dPg

Ps
X= b\/mSh—aE :

(A7)

where T and R are coordinates on a two-dimensional o
Minkowski half-spacetimék>0 and X~

[Pd]
MZ(R) 2

1 1
Ci=— E( - pT+W + §p§+ EM 2(R). (A2) explicitly,

In order to reduce this action to Cartan form, we introduce
the Schwarzschilghere, Minkowski momentumPg by

dR The three constraints,=0, R, =R_, and y=0 can be
Ps:=R arctanlﬂa—T. (A3) rewritten as the following system of equations Rr , E, ,
P, a,, andb,:

The constrain; =0 is then identically satisfied by R,=R, a,=sgF
+ 7 N + +

M(R) e MR s Ps M(R)
=— COSs s
i R 2R b VIF.| shy, _—C h—S—T,
M(R) si s
= Sin ,
Pr R b.V|F.]sh,, —smh—

and the Cartan form becomes )
we have left out the index- and we have already sé&

Ps ( R) =0,a_=+1,b_=+1, andF _=1 everywhere. It follows
0,=—-M(R)| coshe"— ——|dT+M(R) smh—dR immediately that
(A9 Ps M(R|> _ ,Ps
. . . F,=|cosh=—- ——=| —sinF—== (A8)
The Potsdam approach in Schwarzschild coordinates + R R R
(Ref.[11]) is awkward, because there are 16 disjoint ranges
of validity of these coordinate® quadrants for each Kruskal and
subspacetime We shall need four sign functiorss andb,, a
e==*1 and an abbreviation gk in order to catch all 16 P sinh(Pg/R) *
guadrants using a single formula. The definitions age tanhE= cosi{P5/R)— (M(R)/R) (A9)
=sgrF,, whereF,.:=1-2E,/R, b.:=+1 inthe past and S
b.:=—1 in the future of the Kruska¢venthorizon in M, Eqg. (A8) can be rewritten in the form
and
F,.= , A10
 erae +=Q1Q2 (A10)
shx: = ——— where
The momentumP§ conjugate toR, is determined by the Quim1- M(R) o-Ps/R (ALD)
“Schwarzschild velocity”d R/d T of the shell as followscf. o R ’
Ref. [11]):
M(R -
1 dR, Qu=1- MRS perm (A12)
PS: =R, arctan F dT , (A5) R

are two important abbreviations. We also define the follow-
wheredR,/dT, is the derivative of the Schwarzschild radius jng sign functions:

R, with respect to the Schwarzschild tirie along the shell
from the e side. The action reads g::=sSgm;, Qp:=sgm,.
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Then, Eq.(A10) implies

a,=01Q2 (A13)
and
R
E+:§(1_Q1Q2)-
Explicitly,
Ps MR
E+=E_+M(R)coshF— °R (A14)

Let us turn to Eq(A9). We use the following simple identity

1+x

1
arctanlx®=—=In|{a-——
1—Xx

2

which holds fora=+1 and all|x|<1. It implies that

a %
" Q,

R

sziln +Pg.

However,

Q1 |Q

a —_—
Q2 Q2
because of EqA13) so that

Q1
Q2

==1In +Pg

sz

or equivalently

P Ql

e §/R:\/_

Q2

As for b, , we just substitute EqA15) for e*Ps'R and
Eqg. (AL10) for F, into the equationy=0; this leads to

ePs/R. (A15)

b, (|Q.ePs/R—a,|Q,le Ps/R)= 2sinh§.

Using the definitions ofj;, q,, Q; andQ,, we obtain easily

b.=0;. (A16)

From Eqgs.(A13) and(A16), it follows thatQ; changes sign
at the “black hole” andQ, at the “white hole” horizon of
M.

PHYSICAL REVIEW [58 084005

Subsituting Eq(A14) for E, , Eq. (A15) for P andR
for R, andR_ into the variational principl€¢Al), we obtain
the reduced action with the Cartan for: given by

R [Q Ps M(R)
®2._E|nQ_2dR_M(R)(COShE_W dTJr

(A17)

The cyclic coordinatd _ is automatically excluded, because
it is contained only in one term of the forla_dT_ and

E_=0. The manifoldl'¢ is determined by the inequalities
R>0, R#2E,, E.,=0,

which must be satisfied by the coordinaiesPg , andT, ;
it consists of four open disjoint submanifolds.
Finally, we have to show that there is a transformation

T,=¢(T,R,Pg),

such that® ¢ becomes t@; plus possibly a closed form, if

we substitutep for T, . In an analogous way as in Sec. V A,
we obtain

#(T,R,Py)=T+A(R,Pg)

and

dA o 2E.R’-M3(R)R o 2E.R+M?3(R)

——=8 -s e

dR™ TS RENER ST AR
(A18)

In the case of dustM (R)= const, the differential equation
(A18) reduces to

dA 2E%2 —Mm?

1
AN

E.(4E3—M?)

S0P (R 26 VPR’
(A19)

where
P(R):=(E2 —M?)R*+M?E, R+ M%/4.

The integration of Eq(A19) is completely analogous to
that of Eq.(61) and the results are also analogous, only the
divergence ofA, at R=0 is shifted toR=2E_ . This diver-

gence ofA, at R=2E, does not lead to any problem; it
originates from the singularity of the coordinale on the
Kruskal spacetimeM , rather that from any geometrical ef-
fect.
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