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Relation between the guessed and the derived super-Hamiltonians
for spherically symmetric shells
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The Hamiltonian dynamics of spherically symmetric massive thin shells in general relativity is studied. Two
different constraint dynamical systems representing this dynamics have been described recently; the relation
between these two systems is investigated. The symmetry groups of both systems are found. New variables are
used, which among other things simplify the complicated system a great deal. The systems are reduced to
presymplectic manifoldsG1 andG2 , lest nonphysical aspects such as gauge fixing or embedding in extended
phase spaces complicate the line of reasoning. The following facts are shown.G1 is three andG2 is five
dimensional; the description of the shell dynamics byG1 is incomplete so that some measurable properties of
the shell cannot be predicted.G1 is locally equivalent to a subsystem ofG2 and the corresponding local
morphisms are not unique, due to the large symmetry group ofG2 . Some consequences for the recent exten-
sions of quantum shell dynamics through the singularity are discussed.@S0556-2821~98!04518-4#

PACS number~s!: 04.60.Ds, 04.20.Fy
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I. INTRODUCTION

The dominating physical problem of the theory of gra
tation is gravitational collapse and the inevitable singular
That is the point where classical theory breaks down;
expects that quantum theory will help.

The project of which the present paper is a part focuses
simplified models of gravitating systems, whose quant
mechanics can be constructed without much technical
conceptual difficulty. We hope that such models can help
to find quantization methods that are, in short,~a! gauge
~reparametrization! invariant and~b! liberated from semiclas
sical thinking. Indeed, the gauge invariance is an issue,
cause gauge fixation leads much more easily to gau
dependent results in quantum gravity than, say, in Ya
Mills field theory. This has to do with the so-called
problem of time@1,2#. The term ‘‘semiclassical thinking’’ is
used to express uneasiness about the extensions to the
dynamics of the naive assumption that every dynamics
theory of motion of some object in some spacetime~cf. ‘‘co-
variant quantization’’@3#, string theory@4#, or ‘‘effective
field theory’’ @5#!. As spacetime is itself dynamical in th
presence of gravitation, the only method complying with t
assumption seems to be an expansion around a classica
lution, and so it must be, it seems at least, a sort of W
approximation.

Our pet model is the spherically symmetric thin shell
dust in the general relativity. In Refs.@6–9#, a sufficiently
simple super-Hamiltonian for this system was guessed f
the equations of motion, so that the model could be rea
quantized. We shall call this method the it Warsa
approach.1 This quantum theory leads to some unexpec
results.

~1! Existence of a unitary scattering theory. After a co

1A systematic and general exposition of this method~Ref. @9#!
was first given at a Banach Center Workshop, Warsaw.
0556-2821/98/58~8!/084005~18!/$15.00 58 0840
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tracting phase, the shell goes through a more or less prob
intermediate state of black and white hole and then
spacetime wave packet expands again; the probability of
hole stage depends on the energy of the shell.

~2! This unitary regime exists for all values of energy b
only if the total rest mass does not exceed the Planck m
what happens with more massive shells remains unclear

~3! There is no spacetime geometry that can be associ
with any particular scattering process: the wave packets c
tain linear combinations of wave functions that descr
spacetimes with contracting shells and black holes as we
spacetimes with expanding shells and a white holes.

The method, however, has several weak points.
~1! The way from a dynamical equation to a Hamiltonia

principle is nonunique and it is unclear how much the fin
quantum results depend on a particular guess. Some kin
uniqueness has been shown in Ref.@9#, but this is not yet
completely reassuring, as we shall also see in the pre
paper.

~2! The great simplicity of the super-Hamiltonian
achieved by a very special choice of variables: they are
coordinates of the shell in the subspacetime at one side o
shell. This subspacetime~left subspacetime!, which is used
for a description of motion, lies on the opposite side of t
shell from the subspacetime where the observers spend
of their time ~right subspacetime!. The drawback is that
some observable properties of the shell are not conta
among~or calculable from! these variables. A controvers
arises as to whether and where the observers will see
expanding shell. Undetermined are, for example, the sca
ing time delays of the expanding packet with respect to
contracting one~usually given by the derivatives with re
spect to energy of the phase shifts of theS matrix!, which
should in principle be measurable. The possibility was ev
discussed that the wave packet expanded into a diffe
right subspacetime than where it originally contracted so t
the scattering time delays made no sense.

~3! The method of self-adjoint extension of Hamiltonia
operator was applied in Refs.@6–8# to make the quantum
evolution complete~unitary!. This method seemed to som
© 1998 The American Physical Society05-1
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PETR HÁJÍČEK PHYSICAL REVIEW D 58 084005
physicists too formal and suspicious to cope satisfacto
with the problem of the singularity.

The present paper is an attempt to deal with all th
problems. The analysis will be based on Refs.@10# and@11#;
we shall refer to this approach as the Potsdam one.2 The
Potsdam Hamiltonian action for spherically symmetric m
sive shells has been derived from first principles, so one
say something about the first problem. The Postdam dyn
ics of the shell is described by its coordinates in both s
spacetimes left and right of the shell, and so it contains co
plete information about the motion. This enables us to
something about the second problem. Finally, we shall fi
that the method of self-adjoint extension is incomplete
certain respects, and so there is some information abou
third problem too. There is, of course, a strong motivat
for the Warsaw approach: this is the extremely simple fo
of its action.

The plan of the paper is as follows. In Sec. II, we sh
briefly collect the results of Refs.@9# and @11# that will be
needed, so that the paper becomes self-contained. The
tematic use of the Kruskal coordinates and the more or
complete description of the symmetries that the systems
mit are new. Section III is based on the idea that the ‘‘n
ked’’ or minimal mathematical structure that underlies
given constrained system is the constraint manifold toge
with the induced presymplectic form. According to this ide
two constrained systems are equivalent if they define
same presymplectic manifolds. This notion is complet
gauge~and reparametrization! invariant; it is moreover inde-
pendent of the details of imbedding of the constraint ma
fold in extended phase space, which is not physical and
unique. In Sec. III, we reduce the Warsaw and the Potsd
descriptions to these naked forms. The Warsaw presymp
tic manifold (G1 ,Q1) is three dimensional and the Potsda
presymplectic manifold (G2 ,Q2) is five dimensional. As a
by-product of the transformations made in this section,
raculous new variables are found which considerably s
plify the Potsdam action.

In Sec. IV, we pick up a three-dimensional subsyst
(GE ,QE) from the Potsdam system (G2 ,Q2) that has a
chance to be equivalent to a particular Warsaw system. C
cretely, the Schwarzschild mass of the left subspacet
must be fixed, and the corresponding cyclic coordinate m
be excluded. Section V is devoted to the search of a m
phism of presymplectic manifolds that would map (G1 ,Q1)
onto (GE ,QE). We set up a partial differential equation fo
this map and solve it in suitable coordinates. A careful stu
of the results reveals that~1! the two presymplectic mani
folds are it locally but not it globally equivalent and~2! the
local equivalence maps~morphisms of presymplectic man
folds! are not unique. In more detail, the manifoldsG1 and
GE can be covered with open patches such that each on
G1 is equivalent to one onGE , but the map cannot be ex
tended to the outside of the patch, because it diverges a

2Reference@11# was written at the Albert Einstein Institute, Pot
dam.
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boundary. Scattering trajectories contracting from right~left!
and expanding to right~left! can both never lie within one
and the same patch. Where two patches overlap, the
corresponding maps differ by a symmetry transformati
The huge amount of symmetry in the Potsdam approac
the cause of the nonuniqueness of the map.

Let us dwell a little more on these results. The loc
equivalence explains why the same radial equation res
from both systems. What is, however, a possible phys
significance of just the local but not global equivalence
constraint dynamical systems remains unclear. One co
imagine, for example, pasting together several copies ofG1
and GE using the local equivalence maps. The result, ho
ever, seems to be a~possibly non-Hausdorff! presymplectic
manifold with no reasonable physical interpretation~this is
discussed at the end of Sec. V C!.

It is also conceivable that the global inequivalence of
systems is not important for quantum theory; the delic
points where the map can diverge lie all at the bound
between the scattering and the bound trajectories. One
speculate that this discontinuity is not relevant for the qu
tum mechanics, because the bound states become dis
anyway. If we cut out this less dimensional boundary fro
both classical systems, we obtain systems that it are glob
equivalent. Further study on this point is necessary.

Suppose next that some form of weakened equivale
between the two systems makes sense. Then, given
equivalence map, we can consider the Warsaw system
part of the Potsdam one, and the missing information ab
the position of the shell in right subspacetime can be p
vided. The Warsaw variables can be regarded as coordin
on a part of the Potsdam system. In fact, it turns out then
the Warsaw variables are coordinates of the shell in the
subspacetime only according to their name; in reality, th
play the role of coordinates in right subspacetime. Hence,
position of the shell in right subspacetime is well dete
mined; paradoxically, it is the position of the shell in le
subspacetime that is uncertain~see the discussion at the b
ginning of Sec. V!.

Applying this point of view to the quantum mechanics
Refs. @6# and @7#, we can make some progress. The se
adjoint extension of the Hamiltonian defines a unitary d
namics in the Warsaw coordinates of a part of the Potsd
system. It follows that each wave packet reemerges, du
the expanding part of this unitary evolution, in the same rig
subspacetime in which it originally started to contract, b
cause the variables describing it all the time are coordina
on this subspacetime. This is discussed in more detail at
beginning of Sec. V.

On the other hand, the nonuniqueness of the equivale
map has an unpleasant consequence: although the
adjoint extension of the dynamics seems to be unique, it i
only with respect to a particular choice of Warsaw variabl
Different equivalence maps lead to different choices of
variables and these, in turn, to different dynamics of
Potsdam system. This is explained at the beginning of S
V. The difference is measurable because the resulting s
tering time delays are different. This suggests that one ei
has to look for some additional principle that could, togeth
5-2
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RELATION BETWEEN THE GUESSED AND THE . . . PHYSICAL REVIEW D58 084005
with the self-adjoint extension, lead to a unique set of ti
delays, or has to look for some interpretation of the no
niqueness~such as, say, a loss of information! or to look for
another way of dealing with the singularity. Future resea
may clarify the point.

II. DESCRIPTION OF THE SHELL DYNAMICS

In this section, we briefly collect and round off some r
sults scattered in the literature making the paper s
contained.

A. The shell spacetime

A spherically symmetric thin-shell spacetime solution
Einstein equations will be described in this subsection
lowing closely Ref.@9#. Consider two Kruskal spacetime
M1 andM2 with Schwarzschild massesE1 andE2 . Let S1
be a timelike hypersurface inM1 andS2 be one inM2 . Let
S1 dividesM1 into two subspacetimesM11 andM12 and
similarly S2 dividesM2 into M21 andM22 ; we chose
fixed time and space orientation in the two-dimensio
Kruskal spacetimes so that future and past as well as r
and left are unambiguous. Let thenM21 andM11 be right
with respect toM22 andM12 . Let S1 andS2 be isometric;
then the spacetimeM12 can be pasted together with th
spacetimeM21 along the boundariesS1 andS2 . The result
is a shell spacetimeMs . As everything is spherically sym
metric, only the two-dimensional Kruskal spacetimes are
evant.

The observers are assumed to be in the asymptotic re
of M21 . Given a shell spacetime, we shall often leave
the indices 1 and 2, having right~left! energyE1 (E2),
shell trajectory S, and right ~left! subspacetime
M1 (M2). Thus, M15M2ùMs and M2

5M1ùMs .
The three-dimensional shell surfaceS carries the energy

momentum tensorTkl of the shell. This will be assumed i
the form of ideal fluid

Tkl5~r1p!TkTl1pgkl,

wherer is the surface mass density,p the negative surface
tension,Tk a unite timelike vector field~the three-velocity of
the fluid! tangential toS, andgkl is the metric induced on
the shell from the surrounding spacetime. Letp5p(r) be
the equation of state.

The spherical symmetry and the energy-momentum c
servation lead to the matter equation

A
dr

dA1r1p~r!50,

whereA is the surface of the shell,A:54pR2. We choose
one of the particular solutions of the matter equationr(A)
and define the so-called mass functionM (R) by

M ~R!:5A~R!r„A~R!….
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For example, the dust equation of statep50 implies that
M (R)5 const, and each value of the constant defines a
ticular solution.

The spacetime around the shell already satisfies the
stein equations; thus, the only nontrivial equation still to
satisfied is the jump condition, the so-called Israel equat
@12#. It implies ~for a derivation, see Ref.@9#! the following
two equations for the embedding functionsTe(s) and R(s)
of the shell inMe , wheree is a sign,e561, ands is the
proper time along the radial generators of the surface.

~A! The radial equation

Ṙ21V~R!50, ~1!

where

V~R!:52
M2~R!

4R2
2

E11E2

R
2

~E12E2!2

M2~R!
11. ~2!

~B! The time equation~valid for all future oriented shell
motions!

Ṫe5
1

M ~R!Fe
S E12E22e

M2~R!

2R D , ~3!

where

Fe :512
2Ee

R

is the Schwarzschild function. Here,T6 and R are the
Schwarzschild coordinates of the shell inM6 ~they are of
course singular at the four horizons of the two spacetim
M6).

There are two types of solutions: bound and scatteri
The scattering trajectories can be divided intoexpanding

(Ṙ.0) to the right and left, and itcontracting(Ṙ,0) from
the right and left~the usual notions of out and in going a
not adequate to dynamics in the Kruskal spacetime!. We
stress that the four possibilities are unambiguous~see Ref.
@9#!: for each~scattering! shell spacetime, only one of thes
is realized in it both subspacetimesM6 simultaneously.

B. Warsaw approach

In this subsection, we describe a short-cut appro
~cf., e.g., Refs.@7# and @9#! to the shell dynamics. The firs
step of the approach is that only a subclass of the shell sp
times is selected from all spherically symmetric shell spa
times as described in the previous subsection, by fixing
valueE, say, of the Schwarzschild massE2 in their internal
subspacetimes. Then the spacetimeM1 is a fixed complete
Kruskal spacetime and each shell spacetime defines a tr
tory S1 in it. This trajectory satisfies Eqs.~1! and ~3! with
e521. In Ref. @9# proof is given that each such trajecto
belongs to a unique shell spacetime: the condition that
shell spacetime satisfies the full set of Einstein equati
determines the massE1 of right subspacetimeM1 and the
trajectory R1(t), T1(t) in it up to a constant shift of
5-3
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PETR HÁJÍČEK PHYSICAL REVIEW D 58 084005
T1(t). In this sense, the shell dynamics can be reduced
dynamics of a particlelike object on fixed two-dimension
spacetimeM1 . In Ref. @9#, the corresponding variationa
principle was shown to be uniquely determined~up to a
coordinate-dependent factor in front of the sup
Hamiltonian! if the super-Hamiltonian was required to be
most quadratic in momenta, and the value of the momen
conserved due to the time-shift symmetry to be the nega
of the Schwarzschild mass of external subspacetimeM1

which is the total energy of the shell.
Let us describe this variational principle. We will leav

out the indices2 and 1 in refering toM2 andM1 within
the Warsaw approach. The coordinatesxa, a50,1 onM
play the role of the canonical coordinates of the system;
corresponding canonical momenta are denoted bypa , a
50,1. The action reads

S15E dt ~paẋa2NC1!, ~4!

where t is an arbitrary parameter along dynamical trajec
ries,N is a Lagrange multiplier, and the super-Hamiltoni
C1 is given by

C1 :5
1

2
F~gabpapb1M2!2Wgabpajb2

1

2
W2. ~5!

Here,gab(x) is the contravariant metric onM ~observe that
the supermetricFgab is flat!, ja(x) is the Schwarzschild
time-shift Killing vector onM, F52gabjajb , the poten-
tial W(x) is defined by

W~R!:5E2
M2~R!

2R
, ~6!

andM (R) is the mass function of the shell matter.
Reference @9# contains a proof that the variation prin

ciple ~4! implies the radial equation~1! and the time equation
~3! with e521. The time equation~3! with e511 must be
added by hand.

We observe that the extended phase space is four dim
sional and that there is one constraint. Hence, the system
just one physical degree of freedom; this can be chose
be, for example, the radius of the shell.

As one can easily verify,

$C1 ,japa%50.

Thus,japa is conserved. The value ofjapa is 2E1 , where
E1 is the total energy of the shell, or alternatively, t
Schwarzschild mass of the external subspacetime of s
spacetime. Thus,pa cannot be homogeneous in the velociti
ẋa; this is the reason for the presence of the vector poten
Wja in the super-HamiltonianC1 .

To do the calculations, we shall choose the Kruskal co
dinatesU andV for xa; let us recapitulate some properties
these coordinates. The spacetime metric has the form
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ds252
~4E!2

kek
dU dV,

wherek5k(2UV), and the functionk(x) is defined in the
interval (21,̀ ) by its inverse

k21~x!:5~x21!ex;

this implies the identity

k8~x!5
1

k~x!ek~x!
.

The transformation to the Schwarzschild coordinates is gi
by

R52Ek~2UV!, T52E lnUVUU. ~7!

It follows that

F~R!52
UV

kek
5

k21

k
. ~8!

The time-shift Killing vectorj has the form

j5
1

4E
~2U]U1V]V!.

The variational principle~4! and ~5! for the Warsaw ap-
proach reads in Kruskal coordinates

S15E dt~PUU̇1PVV̇2NC1!, ~9!

where

C15
UVPUPV

2~2E!2
1

k21

2k
M21

W

4E
~UPU2VPV!2

W2

2
.

~10!

Our definitions~5!, ~10!, and ~6! of C1 and W differ from
those given in Ref.@9# by the factorF so that the super-
HamiltonianC1 and the potentialW are smooth everywhere
Using Eq. ~10! one can show that the functionC1 has a
nonzero gradient everywhere on the phase space with
exception of the points withU5V50 ~whose projections to
the configuration space is the crossing point of the two h
zonsR52E). Moreover, the constraint equationC150 has
no finite momenta solution there in the generic ca
W(2E)Þ0. This is roughly a consequence of the requi
ment thatjapa5E1 and the fact that all components of th
vectorj vanish at the crossing point. Of course, in the sp
cial case of flat spacetime (E250) this problem is avoided
We shall also show in Sec. III B that this singularity is due
the choice of the coordinatesxa andpa .

An analysis that is based on the Kruskal coordinates c
not include the two special casesE250 and E150, in
which one of the subspacetimes is flat because the Kru
5-4
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RELATION BETWEEN THE GUESSED AND THE . . . PHYSICAL REVIEW D58 084005
coordinates become badly singular in the limitE6→0. The
caseE250 is, however, especially important. We give
short description of it in the Appendix.

C. The Potsdam approach

In this subsection, another approach to the shell dynam
is described. It starts, so to speak, from first principles:
Ref. @10#, general Lagrangian and Hamiltonian formalism
for massive shell are developed, starting from the Einste
Hilbert and fluid actions. The Hamiltonian formalism is r
duced in Ref.@11# by spherical symmetry, using a transfo
mation of canonical variables invented by Kucharˇ @13#. The
basic properties of the resulting constrained system ar
follows.

The canonical coordinates involved are four coordina
of the shell in left and the right subspacetimesM6 . For
example, one can take the Kruskal coordinatesU6 andV6 .
Another variable is the so-called ‘‘Kruskal momentum’’PK

e

that was introduced in Ref.@11#:

PK
e :5Re arctanh

dXe

dZe
,

whereXe :52Ue1Ve andZe :5Ue1Ve , so that the argu-
ment of the arctanh can be considered as the ‘‘Kruskal
locity,’’ that is, the velocity of the shell with respect to th
Kruskal frame„ne(1,1),ne(21,1)… (ne is a suitable normal-
ization factor!. First,

PK
e 5

Re

2
ln

dVe

dUe
; ~11!

observe thatdVe /dUe>0 holds along each nonspacelik
curve. There is a relation of the Kruskal momentum to
proper-time velocity (dUe /ds,dVe /ds); it follows from Eq.
~11! and the normalization condition

2
~4Ee!

2

kee
ke

dUe

ds

dVe

ds
521, ~12!

whereke :5k(2UeVe), namely,

dUe

ds
5

Akee
ke

4Ee
e2PK

e /Re, ~13!

dVe

ds
5

Akee
ke

4Ee
ePK

e /Re. ~14!

The variational principle of the Potsdam approach has b
written down in terms of Kruskal coordinatesUe , Ve ,
Kruskal momentaPK

e , and the energiesEe in Ref. @11#:

S25E dt~@22Ek ṖK1E2~k11!e2k~VU̇2UV̇!#

12ñ@Ek#2nC2!, ~15!

where
08400
cs
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C2 :5@EAke2k/2~2UePK /R1Ve2PK /R!#

1M ~E1k11E2k2!. ~16!

The symbol@ f # denotes the jump of the quantityf across the
shell,@ f #:5 f 12 f 2 , and f̄ denotes the average of the valu
of f from left and right: f̄ :5( f 11 f 2)/2.

Let us stress that the origin of the symplectic structu
defined by the Liouville form in action~15! lies in the form
of the Einstein-Hilbert Lagrangian. Concerning the co
straints, there are three of them in all: the two primar
R12R250 andC250 and one secondaryx50 which can
be obtained by variation with respect toPK6 after employing
the constraintE1k15E2k2 :

x:5
]C2

]PK
1

1
]C2

]PK
2

.

We obtain

x52F 1

2Akek
~UePK /R1Ve2PK /R!G .

The pair (x,R12R2) form the second-class part of the co
straints set~see Ref.@11#!.

Hence, we have an eight-dimensional extended ph
space and three constraints. This implies that there are
physical degrees of freedom; they can, e.g., be chosen aE2

and R2 . This should be compared with the Warsaw a
proach of the preceding subsection, where the Schwarzsc
massE2 was just a parameter having vanishing Poiss
brackets with everything.

The Kruskal metric is invariant with respect to the on
dimensional transformation groupgl , lP(2`,`):

U°Uel, V°Ve2l. ~17!

From this isometry, an infinite-dimensional abelian group
symmetry for the action~15! can be constructed as follows
First, it can transform the coordinatesU2 , V2 of left and
U1 , V1 of right subspacetimes independently. Second,
double transformation can be performed for each value of
pair (E1 ,E2) independently. Such a transformation has t
form

Ue °Ue ele~Ee!, Ve °Ve e2le~Ee!, e561, ~18!

wherel2(E2) andl1(E1) are two arbitrary~smooth! func-
tions. Let us denote the transformation b
5-5
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PETR HÁJÍČEK PHYSICAL REVIEW D 58 084005
G@l2(E2),l1(E1)#. Clearly, G preserves the product
UeVe and the two massesEe .3

The corresponding transformation of the Kruskal m
menta is determined by Eq.~11!:

PK
e °PK

e 2Rle~Ee!. ~19!

Then, the functionsUe ePK
e /Re andVe e2PK

e /Re are invariants,
and so are both constraintsC2 and R12R2 . It is a little
more difficult to see that the Liouville form of the action~15!
changes at most by a closed form. Let us write out the tra
formation of just thee part of it leaving out the indexe

RdPK1E2~11k!e2k~VdU2UdV!

→2RdPK1E2~11k!e2k~VdU2UdV!1Rd~Rl!

12E2~11k!e2kUVdl.

Using Eq.~8! andR52Ek, we obtain for the last two term

Rd~Rl!12E2~11k!e2kUVdl

5RldR1
R2

2
dl12E2

dl

dE
dE,

which is a closed form.
The Kruskal spacetime also admits an isometry group

four elements with generatorsT1 and T2 , the two transfor-
mations that are obtained by extending the Schwarzsc
time reversalT°2T, either from the quadrantU,0, V
.0 or from U.0, V.0 to the whole of the Kruskal mani
fold

T1~U,V!5~2V,2U !, T2~U,V!5~V,U !.

These transformations can be used to define symmetrie
the variational principle~15! as follows. Consider firstT1 ; it
changes the time orientation of the Kruskal spacetime. Th
it must act in both Kruskal subspacetimes of each s
spacetime simultaneously, or else the resulting shell sp
time has no time orientation. We have, therefore

T1~Ue ,Ve!5~2Ve ,2Ue!.

The action of this transformation on the momentumPK
e is

determined by Eq.~11!:

PK
e °2PK

e .

Finally, Ee are clearly invariants. This defines a transform
tion in the extended phase space that will be also denote
T1 . Observe that the constraintsC2 andR12R2 are invari-

3The origin of this symmetry is easy to understand: continu
symmetry groups are generated by perennials~constants of motion!;
E2 and E1 are perennials, and any functionsL(E2) and L(E1)
are also perennials. Thus, one obtains a symmetry dependin
two arbitrary functions of one variable. In fact, the symmetry gro
is even larger: it is generated by all perennials of the fo
L(E1 ,E2).
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ant, but that the Liouville form in the action~15! changes
sign. Thus,T1 is an antisymplectic map~this is common for
time reversals!.

Next, considerT2 ; it changes the space orientation e
changing right and left. Thus, we have to define

T2~Ue ,Ve!5~V2e ,U2e!

and, similarly,

PK
2↔2PK

1 , E2↔E1 .

One can see immediately that both the constraints and
Liouville form are invariant with respect to this transfrom
tion.

III. CARTAN FORMS

A. Reparametrization-invariant reduction method

The two variational principles~9! and~15! seem to be as
different as one can imagine. Although they depend on so
common variables~becauseU5U2 and V5V2), the mo-
menta are different in each case, and the nature of the su
Hamiltonians~10! and~16! is very different:C150 is a con-
dition on the norm of the two-velocity of the shell in the le
subspacetime, whereasC250 relates the time-time-
components of the second fundamental forms of the she
the left and right subspacetime~indeed,C250 is a compo-
nent of the Israel equation!.

It turns out that the simplest way to compare the tw
systems is to solve all constraints thus reducing the syst
completely. It is, however, the kind of reduction that do
not deparametrize the system: no choice of gauge is ne
sary. The resulting Lagrangian is the valueQ(Ẋ) of the so-
called ‘‘Cartan form’’ Q at the tangent vectorẊ of a trajec-
tory, and so it is homogeneous in velocities. The variation
the corresponding action

S5E dt Q~Ẋ!

leads to dynamical equations of the form

dQ~Ẋ,dX!50, ;dX. ~20!

dQ coincides with the presymplectic formV(,) on the con-
straint surface of the system, and the equation of motion~20!

simply says thatẊ must lie in the degeneracy subspace ofV
~for more about presymplectic forms see, e.g., Refs.@14# and
@15#; cf. also Ref.@16#!.

B. Warsaw description

In this subsection, we will reduce the Warsaw syste
Since the Potsdam approach has only been written down
massive shells as of yet, we restrict ourselves to mas
shells M (R)Þ0 in the rest of the paper. We observe th
that the constraintC150 can be easily solved, if we expres

s

on
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the momentaPU and PV by means ofPK as follows. The
variation of the action~9! with respect to the momenta give
their relation to the velocities

PU5
2~2E!2

UV
S U̇

N2
WU

4E
D ,

PV5
2~2E!2

UV
S V̇

N1
WV

4E
D .

If we insert these expressions for the momenta into the c
straint ~10!, we obtain that

U̇

N
V̇

N5
~k21!2ek

k

M2

~4E!2
.

A comparison with Eq.~12! and the use of Eqs.~13! and~14!
leads to

PU52ES 2
M

Akek
ePK /R1

W

U D , ~21!

PV52ES 2
M

Akek
e2PK /R2

W

V D . ~22!

One easily verifies that these expressions forPU and PV
satisfy the constraint~10! identically. In this way, we have
arrived at the constraint manifoldG1 with the coordinates
U, V, and PK . On this manifold, there are two importan
quantities: the pull-back2E1 of the conserved quantity
japa51/(4E)(2UPU1VPV) and the Cartan form. Subst
tuting for the momentaPU andPV , we obtain

E15E1
M ~R!

2Akek
~2UePK /R1Ve2PK /R!2

M2~R!

2R
,

~23!

where R is an abbreviation for 2Ek(2UV). The Cartan
form is obtained if we substitute for the momenta into t
Liouville form of the action~9!:

Q152EWdS lnUUVU D2
2EM~R!

Akek
~ePK /RdU1e2PK /RdV!.

~24!

One would expect that these objects would be singula
the pointU5V50 where the horizons cross, and indeed,
Cartan form~24! diverges even at both horizonsU50 and
V50. However, this singularity can be removed by subtra
ing the differential of the function

2EW~2E! lnUUVU;
in this way, we obtain a Cartan form which is regular eve
where:
08400
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Q1r52EWr~VdU2UdV!2
2EM

Akek
~ePK /RdU1e2PK /RdV!,

where

Wr~2UV!:5
W~R!2W~2E!

UV

is a smooth function. For example, withM5const,

Wr5
M2

4Ekek
.

The regularity of the constraint system requires, howev
a slightly stronger condition than just the smoothness of
Cartan form: the presymplectic formdQ15dQ1r must be
smooth and its degeneracy subspace must be one dim
sional everywhere inG1 . Let us calculate the presymplect
form; a straightforward but tedious procedure yields

dQ15S 2~2E!2WR

kek
1

2E

kekS M

AkekD
k

~2UePK /R1Ve2PK /R!

1
M PK

k3ekAkek
~UePK /R1Ve2PK /R!D dU`dV

2
M

kAkek
~ePK /RdPK`dU2e2PK /RdPK`dV!,

where the indicesR and k denote partial derivatives with
respect to the corresponding variables. An inspection sh
that this form is smooth and it nonzero everywhere; this
sufficient for a two form on a three-dimensional manifold
define a smooth one-dimensional degeneracy distribut
Thus, the constraint system (G1 ,Q1) is completely regular
even atU5V50. The singularity of the variational principle
~4! is due just to the choice of the variablesxa and pa : the
simplicity of the super-Hamiltonian~5! is traded for the sin-
gularity atU5V50. In any case, the constraint manifoldG1
is defined by the coordinatesU, V, andPK in the ranges

2UVP~21,̀ !, E1P~0,̀ !.

C. Symmetry and adapted coordinates

In this section, we shall study the static symmetry of t
Kruskal spacetime and the corresponding symmetry of
system (G1 ,Q1). We shall use the symmetry to find som
coordinate systems which will simplify the subsequent c
culations.

Equations~17! and ~19! for l5const, define a transfor
mation onG1 ; this transformation leaves the functionE1

and the formQ1 invariant. Thus, it is a symmetry of th
constraint system. From the discrete transformations, onlyT1
survives;T2 would map our system to an equivalent on
which would be obtained if we based the description on
trajectory in right subspacetimeM2 . It is quite natural that
5-7
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this much smaller transformation group remained from
group G@l1(E1),l2(E2)# here, because the right sub
spacetime is missing andE5const, sol(E)5const. We call
this transformationG(l).

The orbits of the groupG(l) in G1 are one dimensional
and the quotientG1 /G(l) is a two-dimensional manifold. I
is useful to introduce coordinate systems that are adapte
this quotient structure: two coordinates that are cons
along the group orbits and another one that transforms s
ply by the group.

1. Coordinates u, v, and P̃

Let us define

u:5
UePK /R

Akek
, v:5

Ve2PK /R

Akek
. ~25!

The factor 1/Akek does not improve the transformatio
properties, but it leads to additional simplifications: inde
all exponentials, square roots, and transcendental Kru
functions will disappear. Futher,

P̃:5
EPK

R
, ~26!

hence

P̃° P̃2El.

Equation ~8! implies that

uv5211
2E

R
~27!

or

R5
2E

11uv
, ~28!

and this, together with Eq.~7!, yields

k5
1

11uv
. ~29!

The objectsE1 andQ1 can be transformed into these coo
dinates with the results

E15E2
M ~R!

2
~u2v !2

M2~R!

2R
~30!

and

Q152
EM2~R!

R
dS lnUuvU D22EM~R!d~u1v !

2
M ~R!

2
~u1v !S 11

2E

R DdR24E1dP̃, ~31!

whereR is defined by Eq.~28!.
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2. Coordinates R, E1 , and P̃

The functionE1 is not only invariant with respect to th
groupG(l), but also an integral of motion. Hence, proje
tions of the dynamical trajectories to the quotientG1 /G(l)
are just the curvesE15 const. It will prove advantageous
therefore, to transform to the coordinatesR and E1 on the
quotient. Of course,R and E1 are not everywhere regula
coordinates: clearly, at the maximal radii of bound trajec
ries, gradients of both functionsR and E1 vanish in the
direction of the trajectories; we can, however, still work wi
these coordinates in the rest of the quotient and match
results at the singular points. The transformation fromu and
v to E1 andR are given by Eqs.~30! and~28!. The inverse
transformation is obtained by solving these equations fou
andv:

uv5
2Y1vAY224X

2
, ~32!

vv5
Y1vAY224X

2
, ~33!

where v is a sign whose significance will be establish
shortly,

X:512
2E

R
,

Y:52S E12E

M ~R!
1

M ~R!

2R D ,

and

Y224X524V~R!, ~34!

whereV(R) is given by Eq.~2!. Thus, if V(R) vanishes,Ṙ
must also vanish and this happens only at the turning poin
a bound trajectory. The meaning of the signv in front of the
square root is simple. As

~2u1v !v5Y,

~u1v !v5vAY224X,

it distinguishes the upper and lower half of theu-v-plane;
the turning points are lying atu1v50 and the coordinates
E1 andR are not regular there.

D. Potsdam description

In this subsection, we reduce our second system c
pletely. In analogy with Eq.~25!, we define

ue :5
Uee

PK
e /Re

Akee
ke

, ve :5
Vee

2PK
e /Re

Akee
ke

~35!

and obtain the relations
5-8
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ue ve5211
2Ee

Re
, Re5

2Ee

11ue ve
, ke5

1

11ue ve
.

~36!

The three constraintsC250, R15R2 and x50 simplify
greatly in these coordinates:

C25
1

2
@R~2u1v !#1M ~R̄!,

x5
1

2
@u1v#,

R5R15R2 .

They can be solved immediately, either foru1 , v1 , and
E1 ,

u15u21
M ~R!

R
, ~37!

v15v22
M ~R!

R
, ~38!

E15E22
M ~R!

2
~u22v2!2

M2~R!

2R
~39!

or for u2 , v2 , andE2 ,

E25E11
M ~R!

2
~u12v1!2

M2~R!

2R
~40!

@solutions foru2 and v2 are given by Eqs.~37! and ~38!#.
From the definitions~35!, we obtain

lnUUe

Ve
U52

2PK
e

R
1 lnUue

ve
U. ~41!

To calculate the Cartan formQ2 , we first express the
Liouville form of the action~15! in the variablesu2 , v2 ,
PK

2 , E2 , u1 , v1 , PK
1 , andE1 using an analogy of Eq.~8!

ueve5~12ke!e
ke;

after substituting forE1 , u1 , andv1 and employing sev-
eral times the equationsR52E2k252E1k1 we obtain

Q2[2F S R2

4
2E2DdS lnUuvU D14EdP̃G , ~42!

where the sign[ suggests that we have added some clo
forms and

P̃e :5
EePK

e

R
. ~43!

The form is well-defined and smooth everywhere on the c
straint manifoldG2 which is defined by the ranges of th
coordinatesu2 , v2 , E2 , P̃2 , and P̃1 :
08400
d
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u2v2P~21,̀ !,u1v1P~21,̀ !, E2P~0,̀ !,

E1P~0,̀ !,P̃2P~2`,`!, P̃1P~2`,`!.

The reduced action has the form

S2C5E dt L2C ,

where the Lagrangian is

L2C52F S R2

4
2E2D S u̇

u
2

v̇
v D 14EṖ̃G . ~44!

The symmetry group of the system (G2 ,Q2) contains the
whole infinite-dimensional groupG@l2(E2),l1(E1)#. In
the coordinatesE2 , u2 , v2 , P̃2 , andP̃1 , these transfor-
mations take on the form

E2°E2 , u2°u2 , v2°v2 , P̃2° P̃2

2E2l~E2!, P̃1° P̃12E1l~E1!.

Q2 changes by 4E1d„E1l1(E1)…24E2d„E2l(E2)…,
which is obviously a closed form. From the discrete grou
T1 remains simple; it acts as follows:

E2°E2 , u2°2u2 , v2°2v2 ,

P̃2°2 P̃2 , P̃1°2 P̃1 .

IV. EXCLUSION OF A CYCLIC COORDINATE

If one compares the systems (G1 ,Q1) and (G2 ,Q2) the
first difference that catches one’s eye is thatG2 is five di-
mensional andG1 is only three-dimensional. In this section
we shall get rid of two dimensions ofG2 . The fact that the
variableE appears in (G1 ,Q1) as a parameter implies tha
we have to select the submanifoldG2E,G2 of constant co-
ordinateE2 in G2 as the first step. AsE2 is a constant of
motion, the dynamical trajectories that intersectG2E all re-
main in G2E . However, the dimension ofG2E is still larger
by 1 than that ofG2 ; moreover, the pull-backQ2E of Q2 to
G2E defines a presymplectic formdQ2E that has a two-
dimensional space of degeneracy: it contains the ve
]/] P̃2 in addition to the direction of motion. Thus, in th
second step, we have to construct the manifoldGE :
5G2E / P̃2 ; it is the quotient ofG2E by the P̃2 curves~i.e.,
curves withu25const,v25const, andP̃15const!. A form
Q2E8 that differs fromQ2E by a form closed onG2E does not

contain the variableP̃2 ; it can, therefore, be pushed forwar
by the quotient projectionp to GE giving a form that we call
QE . dQE is a presymplectic form onGE with a one-
dimensional degeneracy subspace everywhere, and the
gral manifolds of this subspace coincide with the project
to GE of the original dynamical trajectories. Observe that w
have to take a quotient so thatP̃2 remains arbitrary; we are
not allowed to choose a surface transverse to theP̃2 curves
5-9
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instead, defined, for example, by the equationP̃25const, for
P̃2 is not a gauge coordinate or an integral of motion~it
satisfies a nontrivial dynamical equation that would be v
lated byP̃25const!.

In terms of coordinates and dynamical equations, the c
struction is very simple. The pull-backQ2E of Q2 to G2E

coincides withQ2 in the coordinatesu2 , v2 , P̃2 , andP̃1 ;
only E2 changes its status: it becomes a constant param
Then the term 4E2dP̃2 is the differential of the function
4E2P̃2 on G2E and can be omitted because it does not c
tribute todQ2E ; thus, we end up with the form

Q2E8 52F S R2

4
2E2DdS lnUuvU D G24E1dP̃1 . ~45!

This form is independent ofP̃2 and so can be pushed fo
ward toGE ; in the coordinatesu2 , v2 , andP̃1 , the push-
forward is given by the same expression asQ2E . Thus, the
new action reads

SE5E dt LE ,

where the Lagrangian is

LE52F S R2

4
2E2D S u̇

u
2

v̇
v D G24E1 Ṗ̃1 ~46!

on the spaceGE with coordinatesu2 , v2 , and P̃1 . Let us
denote this three-dimensional system by (GE ,QE). The sym-
metry of this system is still infinitely dimensional: it is th
transformation groupG@l1(E1),l# @the e511-part of the
transformation acts only onP̃1 and l2(E2) is a constant,
becauseE2 is# and the time reversalT1 .

Let us compare the dynamical equations obtained
varying the actionsS2C andSE . The following observation
is helpful: the part of the Lagrangian~44! that contains the
variablesu2 , v2 , and P̃1 coincides with the Lagrangian
~46!. It follows that the variations of actionS2C with respect
to the variablesu2 , v2 , andP̃1 differ from the correspond-
ing variations of the actionSE only by terms that are propor
tional to Ė2 ; but Ė250 is the dynamical equation obtaine
by varying the actionS2C with respect toP̃2 . Hence, the
three dynamical equations of the system (G2 ,Q2) due to
variation of u2 , v2 , and P̃2 , if one setsĖ250 in them,
are identical to the corresponding three equations of the
tem (GE ,QE). The equationĖ250 is free in the system
(GE ,QE), becauseE2 is a constant parameter there. Final
there is another equation in the system (G2 ,Q2), namely,
that due to the variation ofE2 ; it can be written in the form

4Ṗ̃252
]LE

]E2
. ~47!

It cannot be obtained in the system (GE ,QE), becauseP̃2 is
the cyclic coordinate that has been eliminated, and the
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variation principle does not contain any information about
We observe thatP̃2 is ‘‘completely smeared’’ even classi
caly, as any point ofGE is a wholeP̃2 curve, P̃2P(2`,
1`), and the remaining variables in the system (GE ,QE),
namely,u2 , v2 , andP̃1 , have vanishing Poisson bracke
with E2 in the original Potsdam system.

This is in nice correspondence with quantum mechan
construted for the two classical systems~if the factor-
ordering problem is solved suitably!: the Hilbert spaceH of
the system (G2 ,Q2) can be written as the orthogonal sum
the eigenspacesHE2

of the operatorÊ2 ; E2 is a point of

its spectrums(Ê2). On the Hilbert spaceHE2
, only those

elements of the algebra of observables can act that comm
with Ê2 , and HE2

is the Hilbert space of the system

(GE ,QE).
We can even reconstruct a trajectory of the syst

(G2 ,Q2) from one of (GE ,QE) using Eq.~47! which must
simply be added by hand as follows. Letu2(t), v2(t), and
P̃1(t) be a trajectory of (GE ,QE) parametrized by an arbi
trary parametert. Let us substitute these functions foru2 ,

v2 , andP̃1 in Eq. ~47!. We obtain an equation of the form

dP̃2

dt
52

1

4

]LE

]E2
„u2~ t !,v2~ t !,P̃1~ t !…;

the integration will yield the functionP̃2(t) depending on
one arbitrary constant~this constant is determined by an in
tial value of P̃2). Such a procedure is, in fact, equivalent
reconstructing the manifoldG2 from GE by

G25GE3~2`,1`!E2
3~2`,1`! P̃2

and adding the term 4E2dP̃2 to QE . In quantum mechan-
ics, this corresponds to defining

H:5 (
s~Ê2!

^'HE2

@in general, one has to be careful about the spectrum of
conserved quantity which is just (2`,1`) here# and

P̂̃2 :5
i

4

]

]E2
;

the E2 dependence of the Hamiltonian of the syste

(GE ,QE) will then lead to some time evolution ofP̂̃2 .

V. SEARCH FOR THE EQUIVALENCE MAP

We still need to find a transformation between the syst
(GE ,QE) and (G1 ,Q1) showing that they are equivalen
This problem will be studied in the present section.

The basic properties of such a map~which is, in fact a
‘‘morphism of presymplectic manifolds’’!, let us denote it by
F, are the following.

~1!F:G1°GE is a diffeomorphism.
5-10
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~2! The pull-backF* QE of QE to G1 differs fromQ1 by
a closed form. This guarantees that the presymplectic fo
coincide.4

~3! If f 1 :G1°R and f E :GE°R are quantities with the
same physical or geometrical significance in both syste
thenF* f E5 f 1 .

Suppose that such a map exists. Let us express i
means of the coordinates (u,v,P̃) on (G1 ,Q1) and
(u2 ,v2 ,P̃1) on (GE ,QE):

u25u2+F~u,v,P̃!, ~48!

v25v2+F~u,v,P̃!, ~49!

P̃15 P̃1+F~u,v,P̃!. ~50!

The functions~48!–~50! can be viewed as a coordinate tran
formation andu, v, andP̃ as new coordinates onGE . This is
an interpretation ofF that avoids the following paradox:P̃2

is to be totally undetermined inGE ~see the previous section!

and at the same timeP̃2 has the same physical meaning
P̃, which is to be a well-defined function with its domain
GE by Eqs.~48!–~50!. By considering Eq.~50! as a coordi-
nate transformation, we regardP̃ as a coordinate in righ
subspacetime, becauseP̃1 and P̃ are in one-to-one relation
@see also Eqs.~52! and~53!# and P̃1 it is such a coordinate

Another important point is that there is an infinite numb
of different maps that satisfy the above requirements, i
one exists. This follows from symmetry: given a mapF, we
can sandwich it between the symmetries to obtain ano
one. The nonuniqueness ofF, however, leads to an unce
tainty in the coordinateP̃1 ~and therefore to that of the
Schwarzschild coordinateT1) of the shell. The symmetryG
is, from the point of view of the spacetime geometry of ea
shell spacetime, nothing but a remainder of the original g
eral covariance: the Schwarzschild or the Kruskal coo
nates are not uniquely determined by the geometry of a fi
Kruskal spacetime. To map the dynamics of the syst
(G1 ,Q1) to (GE ,QE), a particularF must be fixed. Which
one does not seem to matter as far as~classical! physical
properties are concerned: a change inF amounts to just
relabeling the classical dynamical trajectories.

In quantum theory such a relabeling may lead to a pr
lem, however. As an example, consider the unitary extens
of the quantum shell dynamics described in Ref.@7#. There,
one works with coordinates analogous tou, v, and P̃ and
one uses the simplicity of the Hamiltonian in these coor
nates to show the existence~if the rest mass of the shell i

4To define equivalent dynamics, two presymplectic forms just h
to be proportional to each other with an arbitrary function on
constraint surface as the factor of proportionality. However,
esymplectic forms contain more information: they define the P
son brackets of perennials~that is, functions that are constant alon
the trajectories, cf. Ref.@16#!; thus, the factor must be equal to 1
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smaller than the Planck mass! and uniqueness of a self
adjoint extension of the Hamiltonian. The eigenfunctions
the extended Hamiltonian are linear combinations of c
tracting and expanding waves. One can construct wave p
ets from them that are, at each timeT, spacially concentrated
around a well-defined wave-function maximum so that o
can plot the radiusRM of the maximum as a function of th
time T. The functionRM(T) diverges forT→2`, then de-
creases until, at someT0 , a minimumRM(T0).0 of RM(T)
is reached, and then increases again to infinity asT→`. For
each wave packet one can define a time delayDT between
the departure of the packet atR5` and the arrival atR
5`. Of course, DT is not the limit limR5`@T2(R)
2T1(R)#, whereT1,2(R) are the two solutions of the equa
tion RM(T)5R, because the differenceT2(R)2T1(R) di-
verges asR→`; one definesDT, e.g., by comparing the
packet ‘‘trajectory’’ with some standard scattering trajecto

To interpret this scattering, we need, however, the fu
tion RM(T1) rather thanRM(T). In principle, we can calcu-
late the first from the second by using some fixed mapF.
The problem is that two different maps,F1 and F2 , say,
will then lead to two differentRM(T1) that imply in turn two
different time delaysDT. This is clear because the contrac
ing ~expanding! part of RM(T) lies in the subset of phas
space that contains contracting~expanding! scattering trajec-
tories and the difference betweenF1 andF2 along the ex-
panding trajectories is independent from their differen
along contracting trajectories.

A. The differential equation for F in the general case

In this subsection, we shall return to classical theory a
reformulate the above requirements onF in the form of a
differential equation. We assume thatE.0 andE1.0; the
special caseE50 is studied in the Appendix. We have tw
manifolds,G1 with coordinatesu, v, and P̃ that satisfy the
conditionsR.0 and E1.0 and GE with the coordinates
u2 , v2 , P̃1 satisfying the same condition~which is inde-
pendent ofP̃2 or P̃1). According to point~2! above,

d~F* QE2Q1!50. ~51!

The functionsu and u2 as well asv and v2 represent the
same physical quantities, so according to point~3! the trans-
formation ~48!–~50! has to preserve them:

u2sF~u,v,P̃!5u, ~52!

v2sF~u,v,P̃!5v. ~53!

Thus, the only nontrivial part ofF is the transformation~50!;
let us denote the corresponding function byf:

f~u,v,P̃!:5 P̃1sF~u,v,P̃!. ~54!

Substituting Eqs.~52!–~54! into Eq. ~51!, we obtain

d~QEuE25E,u25u,v25v,P̃15f2Q1!50. ~55!

d
e
-
-

5-11
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This is a partial differential equation of the first order for t
function f; its characteristics are easily found to coinci
with the curvesE15 const. We can, therefore, reduce th
equation to an ordinary differential equation if we transfo
it to the coordinatesR andE1 . This is our next task.

Let us define the functionsA, B, A8, andB8 of R and
E1 by

QEuE25E,u25u,v25v,P̃15f5AdR1BdE124E1df,
~56!

Q15A8dR1B8dE124E1dP̃.
~57!

Substituting Eqs.~56! and ~57! into Eq. ~55!, we obtain the
equations

AE1
2AE1

8 24fR5BR2BR8 ,

f P̃51

~the indices denote partial derivatives!. These two equations
are equivalent to the system

f5 P̃1D~R,E1!, ~58!

]D

]R
5

1

4
~AE1

2BR2AE1
8 1BR8 !.

~59!

Equation ~59! is the desired ordinary differential equatio
~for the functionD).

Let us work out the explicitR-E1 dependence of the
right-hand side. We obtain from Eqs.~31! and ~45!

A5S R2

4
2E2D S lnUuvU D

R

2S R2

4
2E1

2 D S lnUu1

v1
U D

R

,

B5S R2

4
2E2D S lnUuvU D

E1

2S R2

4
2E1

2 D S lnUu1

v1
U D

E1

,

A852
EM2

R S lnUuvU D
R

22EM~u1v !R

2
M

2
~u1v !S 11

2E

R D ,

B852
EM2

R S lnUuvU D
E1

22EM~u1v !E1
.

We find easily

AE1
2BR52E1S lnUuvU D

R

2
R

2S lnUuvU D
E1

1
R

2S lnUu1

v1
U D

E1

,

08400
AE1
8 2BR85ES M2

R D
R
S lnUuvU D

E1

12EMR~u1v !E1

2
M

2 S 11
2E

R D ~u1v !E1
.

Next, we have to express everything in terms ofR andE1 ,
using Eqs.~32! and ~33!. As the first step, we derive th
following helpful equations:

u52
E12E

M
2

M

2R
1v

AP
MR

,

v5
E12E

M
1

M

2R
1v

AP
MR

,

u152
E12E

M
1

M

2R
1v

AP
MR

,

v15
E12E

M
2

M

2R
1v

AP
MR

,

where

P~R!:52M2~R!R2V~R!.

A straightforward calculation then gives

AE1
2BR52

v

AP
~R12E1!S E12E1

M2

2RD
1

vMR

MAP
„~4E1

2 24E1E!R12M2E1…,

AE1
8 2BR852

v

2RAP
„2~E12E!R21~4E1E24E2

1M2!R22EM2
…1v

2EMR

MAP
„2~E12E!R

2M2
….

Collecting all pieces, we arrive at the differential equati
for D in the form

dD

dR
5

v

4AP S 22~E12E!21M2~E11E!
1

RD
1v

MR

MAP
@~E12E!2R1M2~E11E!#. ~60!

Observe that the upper and loweru-v planes give the same
curves, only their orientation is different.
5-12
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B. Solution of the equation for D in the case of dust

In the general case we cannot say much about the solu
of Eq. ~60! because the functionM (R) in it is an arbitrary
~positive! function. In the case of dust,M5 const, however,
the equation is readily solvable. In this case, we obtain

dD

dR
5

v

4APS 22~E12E!21M2~E11E!
1

RD . ~61!

Equation ~61! can be solved by elementary integration; t
solution, however, will change its form if the paramete
E1 , E, andM vary. Thus, we obtain only a local form o
the functionD. In the present subsection, a careful disc
sion of the different cases is given. The results of this d
cussion will be used in the next subsection where we try
match the different cases smoothly together.

Let us write the solution of Eq.~61! in each of the half
u-v planesv561 as follows:

Dv5D0
v1D1

v1D2
v ,

whereD0
v5D0

v(E1) is an arbitrary function ofE1 ~integra-
tion constant—this is the nonuniqueness inF due to the
symmetry!,

D1
v :52v

~E12E!2

2 E dR

AP

and

D2
v :5v

M2~E11E!

4 E dR

RAP
.

For dust, the functionP becomes a quadratic polynomial o
R:

P~R!:5„~E12E!22M2
…R21~E11E!M2R1

M4

4
,

The discriminant of the quadratic equationP(R)50 equals
M4(4EE11M2); it is always positive, so there are tw
roots:

R152
M2

2

1

~E11E!1A4E1E1M2
,0

and

R252
M2

2

~E11E!1A4E1E1M2

~E12E!22M2
. ~62!

R2 is positive for (E12E)22M2,0, that is, E1

P„max(0,E2M ),E1M …. ThenP(R).0 in the intervalR
P(0,R2) and the trajectory is bound, with maximal radiu
R2 . For (E12E)22M2>0, R2,R1,0,P(R).0 in the in-
terval RP(0,̀ ) and the trajectory is unbound.

To calculate the functionD1
v , we have to distinguish thre

cases.
08400
on

-
-
o

~i! (E12E)22M2.0. In terms of the variablesE, E1 ,
and M , this means that eitherE1.E1M or E1,E2M .
The corresponding trajectories are the contracting and
panding scattering states. Then

D1
v~R,E1!52v

~E12E!2

2Aa
arccosh

2aR1M2~E11E!

M2A4E1E1M2
,

~63!

wherea:5(E12E)22M2; we use the increasing branch o
arccosh.D1

v is regular for allRP(0,̀ ). The values at the
end points are

D1
v~0,E1!52v

~E12E!2

2Aa
arccosh

E11E

A4E1E1M2
,

andD1
v diverges logarithmically withR→` to 2v`.

~ii ! (E12E)22M250. Then R1,0, R2→` and the
polynomialP(R).0 for all RP(0,̀ ). The trajectories are
the parabolic scattering states separating the scattering s
from the bound states. The integral is

D1
v52v

~E12E!2

2~E11E!
A4~E11E!R1M2. ~64!

It is again regular for allRP(0,̀ ). The values at the end
points are

D1
v~0,E1!52v

~E12E!2M

2~E11E!

and it diverges asR1/2 for R→`.
~iii ! (E12E)22M2,0. In terms of the variablesE, E1 ,

and M , this means thatE1P„max(0,E2M ),E1M …. Then
R1,0,R2 . The corresponding trajectories are the bou
states and the integral is

D1
v~R,E1!52v

~E12E!2

2A2a
arccos

2aR1M2~E11E!

M2A4E1E1M2

~65!

~we use the decreasing branch of arccos!. D1
v is regular for

all RP(0,R2). The values at the end points are

D1
v~0,E1!52v

~E12E!2

2A2a
arccos

E11E

A4E1E1M2

and

D1
v~R2 ,E1!52v

~E12E!2

2A2a
p. ~66!

The functionD2
v can be calculated immediately with the r

sult

D2
v~R,E1!52v

E11E

2
ln

2~E11E!R1M212AP
2RA4E1E1M2

,

~67!
5-13
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which is valid for all values ofE1 , E, M , andR for which
P.0. D2

v diverges atR→0 for all trajectories. For scatterin
trajectories

D2
v~`,E1!52v

E11E

2
ln

~E11E!1Aa

A4E1E1M2

is finite. For bound trajectories,

D2
v~R2 ,E1!52v

E11E

2
ln

~E11E!1A4E1E1M2

2
~68!

is also finite and for the limitR2→` (E1→E6M ), we
obtain

lim
R25`

D2
v~R2 ,E1!52v

2E6M

2
ln ~2E6M !.

C. Matching and patching

The functionD(R,E1) must be well defined and smoot
for all valuesE1.0 andR.0 of its variables, and this at a
values E.0 and M.0 of its parameters in order that
determines a mapF with the required properties. Th
‘‘pieces’’ of D obtained in the preceding section must, the
fore, be smoothly matched. In the present subsection
prove that this is impossible and give some discussion of
negative result.

Within the half planesu1v,0 (v,0) and u1v
.0 (v.0), the functionD2

v(R,E1) is smooth everywhere
but D1

v as a function ofE1 seems to be divergent at (E1

2E)22M250. A routine inspection in the complex plan
reveals thatD1

v is, in fact, a smooth function there for eac
v. Hence, the sumD1

v(R,E1)1D2
v(R,E1) is smooth inside

each half plane. The whole functionDv can, therefore, be
made smooth by an arbitrary smooth choice ofD0

v .
The main problem is the matching at the boundaryu1v

50 between the two half planes. Let us first study so
properties of the curvesE15 const in theu-v plane. The
Kruskal coordinatesU andV are both future oriented; henc
the past singularityR50 lies in the quadrantU,0, V,0,
and the future one lies in the quadrantU.0, V.0. The
transformation~25! @or ~35!# preserves signs, so the past s
gularity lies in the lower, and the future one in the upper h
of the u-v plane. Thus, in the lower half plane (u1v
,0), R is increasing along all trajectories and in the upp
half plane (u1v.0), R is decreasing. Observe that on
bound trajectories can cross over from one half plane to
other; scattering trajectories are always imprisoned ins
one half plane: the expanding (Ṙ.0) in the lower and the
contracting (Ṙ,0) in the upper half plane.

Let us try to extendD continuously across the bounda
u1v50 using the remaining freedom inD0

v(E1). We shall
split D0

v(E1) into two terms,D01
v (E1)1D02

v (E1). In the
lower half plane,D1

2 is increasing withR if E1 is kept
constant. IfE1P„max(0,E2M ),E1M …, D1

2 assumes the
08400
-
e
e

e

-
lf

r

e
e

value~66! for v521 at the boundaryu1v50. In the upper
half planeD1

1 is decreasing withR and it reaches the bound
ary with the value~66! for v511. Thus, we can construct
continuous function by choosingD01

2 (E1)50 and

D01
1 ~E1!5

~E12E!2

A2a
p.

The functionD1
1(R,E1)1D01

1 (E1) in the upper half plane,
together withD1

2(R,E1) in the lower, define in fact a it
smooth function at all points the lower half plane, at t
boundary u1v50, and in the subsetE1P„max(0,E
2M ),E1M … of the upper half plane; let us denote this s
byD2 . D2 consists of all points at the expanding scatteri
and at the bound trajectories. However, there is no cont
ous extension of this function to the rest of the upper h
plane, because it diverges at points of the upper half pl
satisfying (E12E)22M250, that is, at contracting para
bolic trajectories.

Let us turn to the functionD2
2(R,E1) starting again in the

lower half plane. It increases from the value2` at R50 to
a finite value atR5` along all scattering trajectories, and
a finite value~68! with v521 along bound trajectories a
the boundaryu1v50. The function~68! hasfinite limits as
E1 approaches the valuesE6M . Thus, there is no problem
to extend thisD2

2(R,E1) to the whole upper half plane. On
simply has to chooseD02

2 (E1)50 and

D02
1 ~E1!5~E11E! ln

E11E1A4E1E1M2

2

everywhere. The two functionsD2
2(R,E1) in the lower and

D2
1(R,E1)1D02

1 (E1) in the upper half plane form togethe
a smooth function in the wholeu-v plane.

It is also clear that no continuous choice ofD01
2 1D02

2 can
remove the singularity in the upper half plane. Hence, a
allowed choice ofD that is continuous in the lower hal
plane will necessarily diverge at all points of the contracti
parabolic trajectories (E15E6M ) in the upper half plane.
This result already means that there is no functionD which
would be continuous everywhere.

An analogous construction starting from the upper h
plane leads to analogous results:D1 can be made smooth
only in the open subsetD1 of the u-v plane that contains
points of all contracting scattering and all bound trajectori
It diverges at all expanding parabolic trajectories.D2 can
again be chosen smooth everywhere. Of course, the two
structions end up with two different solutions: inD2ùD1 ,
they differ by a function ofE1 that diverges at all points
satisfyingE15E6M .

The two constructions in the above paragraphs deliver
fact, two maximal continuous extensions of our local so
tions for D. This two maximal continuous extensions are
course also smooth~if D0

v are chosen so!, but it is the con-
tinuity that is lost at the boundary. Similar conclusions c
be drawn for the caseE50 or E150, but the proof must use
different vartiables becauseu andv can serve as two regula
5-14
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coordinates only forE.0. The proof for the special caseE
50 is sketched in the Appendix.

As discussed at the beginning of the present section,
map F ~if it exists! can be considered as equivalence m
~morphism! between the two systems (G1 ,Q1) and (GE ,QE)
or, alternatively, as a definition of new coordinatesu, v, and
P̃ for the system (GE ,QE). The fact thatF exists only lo-
cally and is nonunique suggests another interpretation: it
pasting map between different patches of a larger pres
plectic manifold. Let us describe an example of such a c
struction and see whether it can be of any use or not.

We shall denote the two maximal extensions ofF defined
above withD0

250 or D0
150 by F2 andF1 , respectively;

their domains inG1 areD2 andD1 .5 Consider two copies
of (GE ,QE) denoted by (GE8 ,QE8 ) and (GE9 ,QE9 ) and one
copy of (G1 ,Q1); let F18 :G1°GE8 have the domain
D1,G1 and letF29 :G1°GE9 have the domainD2,G1 . Let
us pasteG1 andGE8 together alongD1 andF18 (D1) by F18
and similarlyG1 and GE9 alongD2 and F29 (D2) by F29 .
The result is a well defined~possibly non-Hausdorff! pr-
esymplectic manifold, which will be denoted by (G,Q).

Problems arise, however, if one tries to find a physi
interpretation of this construction and considers the role
position of observers. An idea which seems reasonabl
that each dynamical system, such asGE or G1 , describes, in
an idealized manner, what a family of communicating o
servers can do with the shell. They can send it contractin
different dynamical states, observe its motion, and also
serve different states of expanding shells. It seems fur
reasonable that such observers could be placed somewhe
the right asymptotic regions ofM1 andM2 ~or left, but not
both right and left, because right observers cannot com
nicate with left ones!. Indeed, the observers are inM2 be-
fore they throw in a shell contracting from the right, and th
they are inM1 ; analogously for shells expanding to th
right, the observers are first inM1 and, after the shel
passes, inM2 . In this sense, the right asymptotic regions
all spacetime shell solutions of one system are to be con
ered as identical.

Next consider the pasting of three systemsGE8 , G1 , and
GE9 . Nothing seems to hinder us in making the assumpt
that each of the three dynamical systems has its own
server family of the above kind before the pasting. It
therefore, conceivable that some of the three families rem
distinct after the pasting. Then the observers ofGE8 might
send in a shell and this shell disappears behind a horizon
these observers, but appears during its motion somew
else, where it can be observed by another of the three fa
lies. Let us look to see what happens with the families if
perform the pasting.

5Observe that the maximal extensions can be chosen differe
overlapping again at the bound trajectories, but the new domainD28
containing points of all scattering trajectories expanding to the r
or contracting from the left and the newD18 containing points of all
scattering trajectories that expand to the left or that contract f
the right.
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It is a pasting of it phase spaces; but such a pasting
plies also that points of it spacetimes will be identified. I
deed, let us choose any point (u28 ,v28 ,P̃18 )PGE8 that lies at a
bound trajectory. (u28 ,v28 ,P̃18 ) determines via Eqs.~36! and
~39! the Schwarzschild mass of the right subspacetimeM18 ,
via Eqs.~37!, ~38!, ~43!, and~35! a point (U18 ,V18 ) ofM18 ,
where the shell is, as well as the four-velocity of the shel
(U18 ,V18 ), represented byPK8

1 through Eq.~11!. By F18
21 ,

the point (u28 ,v28 ,P̃18 ) is identified with (u,v,P̃)PG1 and
this, in turn by F29 with the point (u29 ,v29 ,P̃19 )PGE9 .
Again, (u29 ,v29 ,P̃19 ) determines the massE19 5E18 ofM19 ,
the point (U19 ,V19 ) of M19 and a four-velocityPK9

1 at
(U19 ,V19 ).

It seems, therefore, that the points (U18 ,V18 ) and
(U19 ,V19 ) must be identical after pasting, because they lie
the trajectory of one and the same shell. In fact, one
easily see that all points of the trajectory then lie in the
particular spacetimesM18 andM19 and must be identical in
pairs. Thus,M18 andM19 have a one-dimensional set o
points in common. This is very strange it unless the spa
timesM18 andM19 are themselves identical. In fact, there
only one isometry mappingM18 ontoM19 and preserving
the trajectory points. It is natural to assume that such
identification is performed in all cases where the above c
struction is viable; that is,M18 andM19 are identical for all
E18 5E19 P(E22M ,E21M ). Notice that there is no analo
gous argument forM28 andM29 , because a point ofGE8 ~or
GE9 ) does not determine a unique point ofM18 ~orM19 ).

It seems to follow that pasting leads to the identificati
of all three families of observers. Indeed, if the observers
the systemGE8 throw in a shell in a bound state~remember
that there are bound states passing through any radius,
moreover, ‘‘lower’’ bound shells can in any case be arrang
indirectly by the asymptotic observers! the same must be
done at the same time and radius by each of the other fa
lies. This is disappointing but not disastrous. However, if t
observers of the systemGE8 throw in a shell in a scattering
state, then the same must be done by the observers ofG1 ,
but it it must not be done by the observers ofGE9 , because
contracting scattering states ofGE8 are distinct from those of
GE9 according to the pasting procedure. This seem to b
paradox; I have not found any way out of it as of yet. Thu
pasting does not seem to work.

To summarize, the mapF that realizes the equivalenc
between the systems (G1 ,Q1) and (GE ,QE) is afflicted with
two problems. On the one hand, a map satisfying all requ
ments~1!–~3! at the beginning of Sec. V does not exist,
least for the case of dust. One might be able to weaken
continuity in some cautious way and still preserve the phy
cal content, but this is only a speculation that must be st
ied. On the other hand, the mapF is not unique; this does
not seem to lead to any serious difficulty as long as o
classical theory is concerned, but it can be a handicap for
self-adjoint extension methods in the quantum theory.
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APPENDIX

In this Appendix, we shall sketch the main steps of t
line of reasoning in terms of Schwarzschild coordinates
that the important special caseE250 of flat shell interior
can be dealt with. The Warsaw approach starts in this c
from an action of the form

S15E dt ~pTṪ1pRṘ2NC1!, ~A1!

where T and R are coordinates on a two-dimension
Minkowski half-spacetimeR.0 and

C152
1

2S 2pT1
M2~R!

2R D 2

1
1

2
pR

21
1

2
M2~R!. ~A2!

In order to reduce this action to Cartan form, we introdu
the Schwarzschild~here, Minkowski! momentumPS by

PS :5R arctanh
dR

dT
. ~A3!

The constraintC150 is then identically satisfied by

pT52M ~R! cosh
PS

R
1

M2~R!

2R
,

pR5M ~R! sinh
PS

R
,

and the Cartan form becomes

Q152M ~R!S cosh
PS

R
2

M ~R!

2R DdT1M ~R! sinh
PS

R
dR.

~A4!

The Potsdam approach in Schwarzschild coordina
~Ref. @11#! is awkward, because there are 16 disjoint ran
of validity of these coordinates~4 quadrants for each Kruska
subspacetime!. We shall need four sign functionsae andbe ,
e561 and an abbreviation shax in order to catch all 16
quadrants using a single formula. The definitions areae :
5sgnFe , whereFe :5122Ee /R, be :511 in the past and
be :521 in the future of the Kruskaleventhorizon inMe
and

shax:5
ex1ae2x

2
.

The momentumPS
e conjugate toRe is determined by the

‘‘Schwarzschild velocity’’dR/dT of the shell as follows~cf.
Ref. @11#!:

PS
e :5Re arctanhS 1

Fe

dRe

dTe
D ae

, ~A5!

wheredRe /dTe is the derivative of the Schwarzschild radiu
Re with respect to the Schwarzschild timeTe along the shell
from thee side. The action reads
08400
e
o

se

e
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s

S25E dt ~@PSṘ2EṪ#1 ñ~R12R2!2nC2!, ~A6!

whereñ andn are Lagrange multipliers and

C2 :5FbRAuFu sha

PS

R G1M ~R̄!. ~A7!

There is a secondary constraintx50, where

x:5S ]C2

]PS̄
D

[ PS]

,

explicitly,

x5FbAuFu sh2a

PS

R G .
The three constraintsC250, R15R2 , andx50 can be

rewritten as the following system of equations forR1 , E1 ,
P1 a1 , andb1 :

R15R, a15sgnF1 ,

b1AuF1u sha1

PS
1

R
5cosh

PS
2

R
2

M ~R!

R
,

b1AuF1u sh2a1

PS
1

R
5sinh

PS
2

R
;

we have left out the index2 and we have already setE
50, a2511, b2511, andF251 everywhere. It follows
immediately that

F15S cosh
PS

2

R
2

M ~R!

R D 2

2sinh2
PS

2

R
~A8!

and

tanh
PS

1

R
5S sinh~PS

2/R!

cosh~PS
2/R!2„M ~R!/R…

D a1

. ~A9!

Eq. ~A8! can be rewritten in the form

F15Q1Q2 , ~A10!

where

Q1:512
M ~R!

R
e2PS

2/R, ~A11!

Q2:512
M ~RS!

R
ePS

2/R ~A12!

are two important abbreviations. We also define the follo
ing sign functions:

q1 :5sgnQ1 , q2 :5sgnQ2 .
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Then, Eq.~A10! implies

a15q1q2 ~A13!

and

E15
R

2
~12Q1Q2!.

Explicitly,

E15E21M ~R!cosh
PS

2

R
2

M2~R!

2R
. ~A14!

Let us turn to Eq.~A9!. We use the following simple identity

arctanhxa5
1

2
ln S a

11x

12xD
which holds fora561 and alluxu,1. It implies that

PS
15

R

2
ln S a1

Q1

Q2
D1PS

2 .

However,

a1

Q1

Q2
5UQ1

Q2
U

because of Eq.~A13! so that

PS
15

R

2
lnUQ1

Q2
U1PS

2

or equivalently

ePS
1/R5AUQ1

Q2
UePS

2/R. ~A15!

As for b1 , we just substitute Eq.~A15! for e6PS
1/R and

Eq. ~A10! for F1 into the equationx50; this leads to

b1~ uQ1uePS
2/R2a1uQ2ue2PS

2/R!52sinh
PS

2

R
.

Using the definitions ofq1 , q2 , Q1 andQ2 , we obtain easily

b15q1 . ~A16!

From Eqs.~A13! and~A16!, it follows thatQ1 changes sign
at the ‘‘black hole’’ andQ2 at the ‘‘white hole’’ horizon of
M1 .
ce

nd

08400
Subsituting Eq.~A14! for E1 , Eq. ~A15! for PS
1 and R

for R1 andR2 into the variational principle~A1!, we obtain
the reduced action with the Cartan formQE given by

Q2 :5
R

2
lnUQ1

Q2
UdR2M ~R!S cosh

PS
2

R
2

M ~R!

2R DdT1 .

~A17!

The cyclic coordinateT2 is automatically excluded, becaus
it is contained only in one term of the formE2dT2 and
E250. The manifoldGE is determined by the inequalities

R.0, RÞ2E1 , E1>0,

which must be satisfied by the coordinatesR, PS
2 , andT1 ;

it consists of four open disjoint submanifolds.
Finally, we have to show that there is a transformation

T15f̃~T,R,PS!,

such thatQE becomes toQ1 plus possibly a closed form, i
we substitutef̃ for T1 . In an analogous way as in Sec. V A
we obtain

f̃~T,R,PS!5T1D̃~R,PS!

and

dD̃

dR
5sgnPS

2E1R22M2~R!R

2~R22E1!AP~R!
2sgnPS

2E1R1M2~R!

2AP~R!
.

~A18!

In the case of dust,M (R)5 const, the differential equation
~A18! reduces to

dD̃

dR
5sgnPS

2E1
2 2M2

AP~R!
1sgnPS

E1~4E1
2 2M2!

~R22E1!AP~R!
,

~A19!

where

P~R!:5~E1
2 2M2!R21M2E1R1M4/4.

The integration of Eq.~A19! is completely analogous to
that of Eq.~61! and the results are also analogous, only
divergence ofD2 at R50 is shifted toR52E1 . This diver-
gence ofD̃2 at R52E1 does not lead to any problem;
originates from the singularity of the coordinateT1 on the
Kruskal spacetimeM1 rather that from any geometrical e
fect.
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